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Chapter 1
Introduction
There is an increasing need for 3-dimensional imaging in many areas of technology, basic
science, and medicine. Hard x-rays are one of the probes which are used for that purpose.
X-ray tomography is a wide spread tool in medical diagnosis. Other areas need a higher
lateral resolution as, for instance, material science, geophysics, plant physiology, analysis
of art objects, and also medical research. X-rays have two major advantages. Firstly, the
relatively large penetration depth of hard x-rays allows for the analysis of opaque media
with sample sizes in the millimeters to centimeters range. Secondly, the short wavelength
of x-rays in the A˚ngstro¨m and sub-A˚ngstro¨m range allows for a lateral resolution
far below 1 micrometer. The availability of synchrotron radiation sources of the third
generation with their outstanding brilliance has promoted the technical development in
this direction, despite the small number of these installations, as compared to laboratory
x-ray sources. X-rays may also have a major disadvantage for tomography, in particular for
biological samples and in medical applications. This is the radiation damage, which must be
minimized for biological tissue with a very low level of tolerance, in particular for humans.
For animals and plants the level of radiation must be at least that low that the object of
investigation is not destroyed during the exposure. In general, this requirement in x-ray
tomography is not easy to fulﬁll in biological systems, whereas radiation damage is of no
major concern for anorganic materials. An important development in x-ray tomography
which took place in the last 10 years is the combination of 3-dimensional imaging and
spectroscopy. Here, x-ray ﬂuorescence is the most appropriate technique. In that way it is
possible to link the geometrical structure of an object with its local chemical composition.
Plant physiology, in particular, has proﬁted from this development. X-ray tomography with
high lateral resolution requires a sophisticated experimental set-up. Besides a high brilliant
x-ray source, made available to the public by the synchrotron radiation facilities, like e.g.
the European Synchrotron Radiation Facility (ESRF), there is need for a sophisticated
x-ray optic, for a sample environment with many translational and rotational degrees of
freedom and for a 2-dimensional detector with a high resolution (>106 pixels with 10-
20 micrometers in size). In this thesis the emphasis is on x-ray optics.
Compared to optics for visible light, all x-ray optical components suﬀer from the weak
refraction of x-rays in matter and from the relatively strong absorption, as compared to that
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of visible light in glass. Indeed, the index of refraction for x-rays in matter can be written
as n = 1− δ + iβ . The refractive decrement δ is only of the order of 10−6, compared to a
refractive increment of 0.5 for visible light in glass. As a consequence, x-ray mirrors based
on total external reﬂection can only operate at glancing angles, typically below 0.2◦ . For
the same reason, refractive x-ray lenses have long been considered as non feasible. However,
in 1996 it could be shown that refractive x-ray lenses can be made, if a few conditions are
met [Snigirev96]. Firstly, the lens material must have a low atomic number Z in order to
reduce the x-ray absorption, and it must show weak small angle x-ray scattering, as small
angle x-ray scattering generates a blur of the image. Secondly, the radius of curvature of
the lenses must be small (typically 200 micrometers), in order to increase the refractive
power. Thirdly, many lenses must be stacked in a row (up to a few hundred), also in
order to increase the refraction power and to bring the focal length in the meter range and
below. At the II. Physikalisches Institut B of RWTH Aachen University the technology for
the manufacturing of these lenses has been developed. A breakthrough for imaging with
x-rays was achieved in Aachen by shaping the lenses as biconcave paraboloids of rotation.
This allows for imaging without spherical aberration and without any other distortions.
Parabolic refractive x-ray lenses have another advantage compared to spherical lenses.
The geometrical aperture and the radius of curvature at the apices of the parabolas can
be chosen independently of one another. Our lenses have typically a radius of curvature
of 200 micrometers and a geometric aperture of 1 millimeter. Therefore, these lenses
match very well the beam size of undulator radiation at third generation synchrotron
radiation sources. The main focus of this thesis is on the technical details which have to
be speciﬁed in order to optimize the fabrication of parabolic refractive x-ray lenses and on
their applications in typical scientiﬁc problems.
The thesis includes the following chapters. Chapter 2 gives an overview of x-ray sources:
x-ray tubes and synchrotron radiation sources. Chapter 3 reviews the most important
optical devices used at present for monochromatizing and focusing x-ray beams. Chapter 4
describes in detail the parameters which have to be considered in the process of fabricating
parabolic refractive x-ray lenses. This includes the choice of the lens material concerning
x-ray absorption, small angle x-ray scattering, stability in the beam, and stacking of the
lenses in a row. A large number of possible lens materials have been investigated. The
results are presented in this thesis. The transmission and the gain, the eﬀective aperture
and the ﬁeld of view are also treated in this chapter. Imaging with parabolic refractive
x-ray lenses is described in chapter 5 . The lateral and longitudinal coherence lengths in
a typical setup are considered, and their inﬂuence on absorption and phase contrast. The
controlled reduction in lateral coherence length by means of a diﬀuser is described. X-
ray lithography and x-ray microscopy by means of parabolic refractive lenses are treated.
The applications of an x-ray microscope for tomography is described in chapter 6 . The
technique is illustrated for 2 diﬀerent scientiﬁc applications: ﬂuorescence tomography and
magniﬁed absorption tomography. Diﬀerent examples for these applications are shown.
Finally, chapter 7 gives a summary of the thesis.
Chapter 2
X-Ray Sources
X-ray radiation can be produced by several physical mechanisms. The technologically
most important is the acceleration of charged particles. This mechanism is used as brems-
strahlung in x-ray tubes (section 2.1), in electron storage rings (section 2.2), and in free-
electron lasers. Another technologically important mechanism is the excitation of core
electrons and the subsequent emission of electromagnetic radiation. This eﬀect leads to
characteristic lines in the spectra of x-ray tubes and to ﬂuorescence radiation (section 2.1.2).
Furthermore x-ray radiation is produced by blackbody emission from very hot sources, such
as laser generated plasmas or astronomical objects, by emission from radio-nuclei and by
Compton scattering.
There is no absolute deﬁnition of the energy range of x-ray radiation. We consider as
soft x-rays photons with energies between hundred eV and some keV, and as hard x-rays
Photons with energies up to some hundred keV. Gamma radiation is emitted by excited
nuclei and ranges in energy from about 10 keV to many MeV. The use of the energy unit
eV (1 eV = e◦ ·1V = 1.626176·10−19 J) is common, since most x-ray radiation sources used
are based on the acceleration of charges. A conversion from radiation energy to wavelength
can easily be done by the relation
E λ = h c◦ = 12.39 keVA˚ . (2.1)
In this chapter the generation of x-ray radiation with x-ray tubes and with storage rings
will be considered more closely. A typical experimental setup for an undulator will be
shown in more detail.
2.1 X-Ray Tube
Since the days of WilhelmC.Ro¨ntgen [Ro¨ntgen95] x-ray tubes have improved, but they
still work according to the same principles: In an evacuated tube electrons are emitted from
a cathode, accelerated in an electric ﬁeld and then hit a target (anode) were bremsstrahlung
(section 2.1.1), and characteristic lines (section 2.1.2) are emitted. Therefore, x-ray tubes
can be deﬁned as electron impact sources (ﬁgure 2.1).
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Figure 2.1: Typical electron impact source.
2.1.1 Bremsstrahlung
When the free electrons hit the target they interact with the nuclei of the anode material.
The velocity of the electrons changes in magnitude and direction. This interaction causes
a fraction of the kinetic energy of the electrons to be converted into x-ray radiation with
a broad energy spectrum, known as bremsstrahlung.
z
x
r

a(t - r c )/ o
Figure 2.2: Geometry used for the far ﬁeld calculation (r  λ) of an accelerated charge.
Maxwell’s theory describes how electromagnetic radiation is emitted from accelerated
charges. In the far ﬁeld (ﬁgure 2.2) the electric ﬁeld amplitude at position r from the source
is
Ez(r, t) = − (−e◦)
4πε◦ c2◦ r
az(t− r/c◦) . (2.2)
The ﬁeld in r at the time t is determined by the acceleration a of the charge −e◦ at the
retarded time t − r/c◦ . Only the component az of the acceleration perpendicular to the
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line of sight is relevant (here a is in the x− z plane). The magnetic ﬁeld is
By(r, t) = − 1
c◦
Ez(r, t) . (2.3)
Hence the energy current density (Poynting vector) is given by
S(r, t) = ε◦ c2◦
(
E × B
)
=
e2◦
16π2 ε◦ c3◦ r2
·
(
r
r
)
· a2(t− r/c◦) · cos2 θ . (2.4)
For high electron velocities relativistic eﬀects have to be taken into account. With
increasing electron velocity the radiation is emitted more and more in the direction of
the moving electron. Figure 2.3 shows a slice of the spatial distributions of the radiation
emitted with and without relativistic eﬀects. However, the relativistic eﬀects will be more
important for synchrotron radiation (section 2.2). Since the radiation has a rotational
symmetry around the dipole axis, the whole spatial distribution looks like a torus (for
β  1) with inﬁnitesimal inner radius. One can see that the most intense x-ray radiation
(a)
(b)
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Figure 2.3: Slice of the spatial distribution of the radiation emitted by a dipole [Gu¨nzler00]:
(a) Poynting vector S(θ) without taking into account relativistic eﬀects. (b) same
as (a), but for electrons with relativistic velocity (e.g. β = vc◦ = 0.3, E = 24.7 keV).
is emitted perpendicular to the incident electron beam (non relativistic). On the other
hand the anode material absorbs the x-ray radiation. To obtain a good yield of x-ray
radiation the anode surface forms an angle of 45◦ with the direction of emission of the
most intense x-ray radiation (ﬁgure 2.1).
Bremsstrahlung has a broad energy spectrum with a maximum energy Emax given by
the kinetic energy of the electrons Ee. If an electron is stopped in a single interaction, the
kinetic energy of the electron is converted into a photon with the same amount of energy.
This gives the minimal wavelength λmin of the x-ray radiation,
Emax =
hc◦
λmin
= e◦ UCA = Ee (2.5a)
⇒ λmin = hc
e◦ UCA
, (2.5b)
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where UCA is the acceleration voltage between the cathode and the anode. There is no gen-
eral expression for the intensity emitted by an x-ray tube. However, a useful approximation
is
I(λ) ∼ c
2
◦hZ
λ3λmin
(λ− λmin) , (2.6)
where I(λ) is the intensity of the x-ray radiation and Z the atomic number of the anode
material [Seiwert81]. This approximation does not take into account the absorption of
x-ray radiation in the anode itself. One can see that for a given wavelength λ the intensity
increase with Z and UCA (decreasing λmin). Figure 2.4 shows calculated spectra of brems-
strahlung for acceleration voltages UCA = 20 kV, 30 kV, 40 kV and 50 kV neglecting the
absorption in the anode material. The wavelength at the highest intensity in the spectrum
is
λ(Imax) =
3
2
λmin . (2.7)
Unfortunately, only a small fraction of the electrical power is converted into brems-
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Figure 2.4: Calculated spectra of bremsstrahlung for diﬀerent acceleration voltages UCA. Ab-
sorption in the anode material is neglected [Giacovazzo92].
strahlung. The eﬃciency η of the conversion of electrical power into bremsstrahlung can
be approximated [Seiwert81] by
η = const · Z UCA with const = 10−9 V−1 , (2.8)
where Z is the atomic number of the anode material and UCA is the acceleration voltage
in volts. A typical source used for x-ray diﬀraction has a copper anode and an acceleration
voltage of 40 kV, which gives, according to equation 2.8, an approximated eﬃciency for
the bremsstrahlung of 0.12%.
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2.1.2 Characteristic Emission and Fluorescence Radiation
Another type of x-ray radiation results from the excitation of inner shell electrons in an
atom of the anode material. The vacancy is then reﬁlled by an electron from an outer
shell (ﬁgure 2.5) resulting in the emission of a ﬂuorescence photon or of Auger electrons
(see page 8). A rough approach to the energy diﬀerence between two shells can be made
using the atom model by Niels Bohr: The binding energy of a shell can by calculated
with
En = E◦
(Z − σ)2
n2
with E◦ = − 
2
2me
1
a2◦
= −13.6 eV (2.9)
where σ is a screening constant that describes the reduction in eﬀective nuclear charge, and
where n is the principal quantum number, and a◦ the Bohr radius. For K-level (n = 1)
electrons σ ≈ 1 and for L-level (n = 2) electrons σ ≈ 7.5. The exact modeling is much
more diﬃcult than this simple model, which bears already inaccuracies when switching
from the hydrogen atom to heavier elements. Exact values of the energy of the emitted
x-ray radiation are tabulated at various places, for instance in the X-Ray Data Booklet
[Thompson01].
Bound electrons can be knocked out from an atom by interaction with an energetic
charged particle (e.g. an electron), as in an x-ray tube, or by absorption of energetic
photons, as in photoabsorption. Albeit the following process of radiation emission is the
same for both excitation kinds, it is often named diﬀerently in the literature: emission
of radiation induced by interaction with charged particles is called characteristic emission
or characteristic line whereas radiation induced by photoabsorption is called ﬂuorescence
radiation. The photoabsorption coeﬃcient τ is the macroscopic quantiﬁcation of the ab-
sorption in matter due to photoabsorption. In the process of interaction, energy and
momentum conservation must be fulﬁlled. Since in photoabsorption the impinging photon
disappears, energy and momentum conservation can only be fulﬁlled when a third partner,
like the nucleus, can take care of the momentum balance. For weakly bound electrons the
coupling with the nucleus is not strong enough to pickup the surplus momentum, thus,
photoabsorption by outer shell electrons is weak. Of course the binding energy of the
bound electron has to be smaller than the kinetic energy Ee of the free electron or the
energy Eph of the incident photon. Binding energies of the inner electrons of typical anode
materials are some keV (e.g. Cu 1s: 8.979 keV) to some ten keV (e.g. W 1s: 69.525 keV).
Binding energies are also tabulated at various places, e.g. [Thompson01].
The production of a core hole in an atom leaves a highly excited atom. The core
hole is ﬁlled by an electron from an upper shell. The energy released is transmitted or
to a characteristic photon (ﬂuorescence photon) or to an Auger electrons, as it will be
discussed further below.
Since the energy levels in an atom are characteristic for that atom, the ﬂuorescence ra-
diation is also characteristic for the atom. The bandwidth of such a characteristic emission
is ΔE/E ∼ 10−3. Therefore, ﬂuorescence radiation is a powerful instrument for detection
and mapping of elements.
The ﬂuorescence radiation is labeled by 3 or 4 types of speciﬁcations, as, for instance,
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Figure 2.5: Diﬀerent processes after an inner electron knockout process in a Cu atom: Auger
eﬀect or x-ray radiation (characteristic emission and ﬂuorescence radiation).
Cu Kα1. First comes the chemical symbol of the emitting atom, e.g. Cu. Then comes the
character of the shell (K, L, M,...) which contains the core hole, e.g., for the 1s electron
it is the K shell. Then the shell of the reﬁlling electron given as Greek index to the shell
character: α means that the shell of the reﬁlling electron is one shell higher up than the
one from the core hole, β means two shells higher and so on. This index can be followed
by a number, if there are diﬀerent possible transitions due to inner shell levels (due to
spin-orbit coupling), e.g. Cu Kα1.
Besides the emission of ﬂuorescence photons, the reﬁlling of a vacant inner energy
level can alternatively be accompanied by the emission of Auger electrons. Instead of
using the energy for the generation of a ﬂuorescence photon, the energy can be used for
kicking out another bound electron from a higher shell of the atom (ﬁgure 2.5). The energy
distribution of the so-called Auger electrons is also element speciﬁc. For elements with
low Z the Auger electron emission is the leading process. Figure 2.6 shows the yield of
the ﬂuorescence radiation for the K-lines in dependence of Z. Since the mean free path of
an electron in matter1 is in the nanometer range, the mapping of elements using Auger
electron spectroscopy (AES) is a powerful surface sensitive method [Go¨pel94]. Furthermore
the emitted photoelectron can be used for spectroscopical analysis (XPS) [Hu¨fner96].
For the K-lines the number of photons Nx emitted per number of incident electrons Ne
hitting the anode can be approximated [Coisson79] by
Nx
Ne
= 3 · 10−4
(
Ee − EK
1 keV
)1.63
exp (−0.095 · Z) (2.10)
1The mean free path for electrons in matter depends on the kinetic energy of the electrons. It varies
from about 5 A˚ to some nm.
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Figure 2.6: Yield of the ﬂuorescence radiation for the K-lines [Grigoriev97].
where EK is the energy of the K-line in keV and Ee the kinetic energy of the electrons in keV.
A measured spectral distribution of an x-ray tube is shown in ﬁgure 2.7. Bremsstrahlung
leads to the continuous contribution while the characteristic emission give rises to the Kα
and Kβ line. Radiation with wavelengths below the K-edge suﬀer from self-absorption in
the anode material, showing a reduced intensity in the spectral distribution.
2.1.3 Typical Characteristics of X-Ray Tubes
Modern x-ray tubes have various geometries, depending on the experimental demands for
the x-ray radiation, i.e. high photon ﬂux, small source size or changeable anode materials.
A high photon ﬂux is achieved by high electrical power. Mostly, the acceleration voltage
UCA is optimized for a high ratio of characteristic emission to bremsstrahlung and therefore,
the current is used to increase the photon ﬂux. As a rule of thumb the electron energy
Ee = e◦ UCA has to be 3.5 times the energy of the characteristic emission. But, as mentioned
before, only a small fraction of the electric power is converted into x-ray radiation. More
than 99% of the electrical power generates heat and is therefore lost. This heat has to
be removed by thermal conduction in order to prevent the anode from melting. Most
commonly the anode is cooled from the backside with water. The destruction of the anode
by melting being the limiting factor for the photon ﬂux some x-ray tubes have a rotating
anode, continuously exposing another part of the cooled anode to the electron beam. For
cooled x-ray tubes the maximum power increases linearly with the diameter of the spot size
on the anode [MacDonald01], up to about 10 micrometers diameter at a rate of 1 W/μm
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Figure 2.7: Measured spectral distribution [Gilfrich79] of an x-ray tube with a Cu-target and a
Be window (1 mm) at a take-oﬀ angle of 20◦ and an acceleration voltage of 45 keV.
for ﬁxed anodes and at a rate of 11 W/μm for rotating anodes. Above a spot size of
10 micrometers heat dissipation becomes less eﬃcient with a decrease in power per spot
size. In general, rotating anodes show blurred spot sizes making them inappropriate for
microfocus applications as the spot diameter is limiting the achievable spatial resolution.
One method to obtain a small spot diameter is to focus the incident electron beam onto
the anode surface. In ﬁgure 2.8 an example of a x-ray tube with focussed electron beam
is shown. Furthermore, this x-ray tube has changeable anode material and a transmission
head, which allows to use the x-ray radiation near the source thus avoiding a loss of power
by divergence.
An important speciﬁcation of any x-ray source is its brilliance:
The brilliance is deﬁned as the number of photons emitted per
second, per energy bandwidth ΔE/E = 10−3, per mrad2 solid
angle, and per mm2 source size.
For isotropically emitted x-rays with limited power like the radiation from x-ray tubes the
brilliance can only be increased by decreasing the source size. A basic constraint of any
optical system is Liouville’s theorem. It states that no optic can increase the brilliance
of a beam. Therefore, the brilliance is the suitable parameter to compare diﬀerent x-ray
sources. A typical value of the brilliance of a microfocus x-ray source is 108 Ph/(s ·mm2 ·
mrad2·10−3 BW).
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Figure 2.8: Photograph of a transmission x-ray tube (Firma Feinfokus). Spot sizes on the an-
ode achievable here range in diameter between 1 μm and 10 μm which corresponds
to an electrical power between 1 W and 10 W.
The need for x-ray sources with high brilliance has led to the development of new x-ray
sources. But the costs and the poor availability of those facilities is a major handicap.
Therefore, the search for portable x-ray sources with good brilliance is still important.
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2.2 Synchrotron Radiation
In a synchrotron radiation source relativistic electrons (or positrons) circulate on a closed
orbit. As known from the classical theory of electromagnetism all accelerated charges emit
electromagnetic radiation. In this case the transverse acceleration, that keeps the electrons
on the circular track, leads to the emission of synchrotron radiation. This radiation can
cover the electromagnetic spectrum from the infrared region through the visible, to the
ultraviolet and the x-ray region up to hundreds of keV, depending on the machine para-
meters. The ﬁrst observation -literally since it was visible light that was observed- came at
the General Electric Research Laboratory in Schenectady, New York, on April
24, 1947 .
First experiments for the production of x-ray radiation with this method were operated
parasitically on existing accelerators for high-energy physics. Due to the successful use of
these x-ray radiation sources a second generation of sources was built in the 1980s: old
storage rings from particle physics were dedicated to produce x-ray radiation. Then, in
the 1990s a third generation of sources was built: storage rings which were designed and
built only for the purpose of producing synchrotron radiation.
In practice, these storage rings are polygons where the electrons circulate with relativis-
tic velocity. Typical electron energies Ee are in the GeV range, for instance the European
Synchrotron Radiation Facility (ESRF) operates at 6.03 GeV. Making use of the
relation between relativistic energy and speed,
Ee = γmec
2
◦ with (2.11a)
γ = (1− β2)− 12 and (2.11b)
β =
v
c◦
≈ 1− 1
2γ2
(2.11c)
where me is the rest mass of the electron, one can calculate that the velocity v of the
electrons at the ESRF diﬀers only by about 107 centimeters per second from the velocity
of light.
In the frame of the moving electron the emitted radiation has a dipole pattern. But
due to the Lorentz transformation for an observer at rest, in the laboratory this pattern
appears as an small cone in forward direction (relativistic aberration) as shown in ﬁgure 2.9
[Lengeler96]. The opening angle Θ of this cone can be calculated according to relativistic
aberration. In its rest frame the electron emits radiation with a dipole characteristic,
similar to the pattern from ﬁgure 2.9 (a). Figure 2.10 shows schematically how this angle
is transformed when observed in the laboratory frame: Let us consider a photon that is
emitted along the y′ axis in the rest frame (S’) of the electron, corresponding to the direction
perpendicular to the movement of the electron in ﬁgure 2.9. Note that the tangential
direction, corresponding to the local direction of the electron velocity, is along the x′ axis.
So, the angle of emission Θ′ in this frame is 90◦ for the photon under consideration. We ask:
under which angle Θ is this photon observed in the rest frame of the observer (laboratory
frame S). The electron moves with a velocity v along the x axis for an observer at rest,
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Figure 2.9: Radiation pattern from a charged particle on an orbit, as seen for an observer at
rest in the laboratory frame: (a) nonrelativistic and (b) relativistic velocity of the
circulating electron.
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Figure 2.10: Relativistic aberration: Lorentz transformation of the opening angle Θ, (a)
frame of the moving electron, (b) rest frame of the observer.
therefore, the Lorentz transformation between the frames S and S’ reads
x = γ (x′ + vt′) (2.12)
y = y′ (2.13)
t = γ (t′ +
v
c2◦
x′) (2.14)
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Here, x′ = const⇒ cx′ = dx′/dt′ = 0 . It follows dtdt′ = γ . Hence
cx =
dx
dt
= v (2.15)
cy =
dy
dt
=
cy′
γ
=
c◦
γ
(2.16)
and
tan θ =
cy
cx
=
c◦
γ v
=
1
γ β
(2.17)
At the ESRF γ = 11800 and β ≈ 1, therefore, equation 2.17 can be approximated:
tan θ ≈ θ ≈ 1
γ
(2.18)
It is the concentration of the emitted photons into a small cone by relativistic aberration
that makes synchrotron radiation to such an powerful x-ray source: for highly relativistic
electrons the radiation is concentrated in a narrow beam with high photon density.
As said before, electron (or positron) storage rings have the form of a polygon. They
consist of straight sections and bending magnets (section 2.2.1). The straight sections
contain insertion devices (ID), electron optical components and radio frequency cavities.
The electron beam is kept as small as possible using multi-pole electron lenses for focusing.
The energy loss of the electrons, due to the emission of radiation2, is compensated in
a radio frequency cavity. As shown in ﬁgure 2.11 a radio wave is used to re-accelerate
the electrons. Electrons with the right phase can gain energy from the radio wave in a
very similar way as a surfer uses water waves. To fulﬁll the phase condition the electron
beam is not continuous, but consists of bunches of electrons. The maximum number of
bunches storable in a ring is given by the circumference of the storage ring divided by
the wavelength of the radio wave. These bunches force a time structure on the resulting
synchrotron radiation.
x
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F
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e
Figure 2.11: Acceleration of electron bunches by radio-frequency wave: electron bunches with
the right phase can ’surf’ on a wave and are thereby accelerated (Parameters for
the ESRF storage ring).
2At the ESRF the electrons loose about 0.1% of their energy per revolution.
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Depending on the experimental needs the number of electron bunches in the ring can
be varied from a single bunch mode providing only low synchrotron radiation ﬂux but long
time intervals, e.g. for the study of dynamical processes to full ﬁlling with high photon
ﬂux. Intermediate modes using 16 bunches, 1/3 ﬁlling (with an optional single bunch) or
2/3 ﬁlling are also common. Some parameters for the ESRF can be found in table 2.1 on
page 15 .
Parameters of the ESRF storage ring
electron energy 6.03 · 109 eV
number of straight sections 32
radius of curvature (bending magnet) 25 m
storage ring circumference 844.39 m
(travel time of the electrons) 2.81 · 10−6 s
distance between bunches 0.8512 m
(travel time of the electrons) 2.84 · 10−9 s
maximum number of bunches 992
length of one electron bunch 1.50 · 10−2 m
(travel time of the electrons) 5 ·10−11 s
number of electrons per bunch∗ 5.03 · 109
Table 2.1: Parameters of the ESRF storage ring. ∗The evaluation of the number of electrons
per bunch is made for our usual experimental mode of 200 mA electron current at
2/3 ﬁlling.
In the straight parts of the storage ring another type of synchrotron radiation source
can be installed: the insertion devices. They will be discussed later in chapter 2.2.2. The
success of the third generation synchrotrons is largely based on the use of insertion devices,
especially undulators.
2.2.1 Bending Magnet
Between two straight sections of the polygonal storage ring a constant and homogeneous
magnetic ﬁeld B keeps the electrons on their track. The radius of curvature rbend of the
electron trajectory in a bending magnet is smaller than the radius of the storage ring. It
is given by the the balance of the centrifugal and the magnetic force:
γ mev
2
rbend
= e◦ |v × B| (2.19)
As shown in ﬁgure 2.12, the radiation emitted by a bending magnet is collimated to an
emission angle of γ−1 in the vertical due to relativistic aberration and spreads over the full
angle of deviation α in the horizontal plane.
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Figure 2.12: Emission angles of a bending magnet: γ−1 due to relativistic aberration and α due
to the deviation of the electron beam.
The temporal structure of the emitted radiation can be understood when considering
ﬁgure 2.13 [Lengeler96]: as outlined before, an electron traveling with relativistic speed v
on an orbit with radius rbend emits electromagnetic radiation into a cone with the opening
angle γ−1. Therefore, an observer in the laboratory can only see photons emitted from
electrons during their travel from the point A via the point B to the point C. The length
of this arc and the corresponding travel time Δt of the electrons are given by
larc =
2
γ
rbend (2.20a)
Δt =
2 rbend
γ v
. (2.20b)
The begin of this light ﬂash moves over a distance D during the travel time Δt of the
electron:
D = c◦Δt =
2 rbend
γ β
. (2.21)
The end of the light ﬂash is emitted when the electron passes point C. Thus, the end of
the light ﬂash is emitted at a distance d nearer to the observer then the front of the light
ﬂash.
d = 2 rbend sin
1
γ
(2.22)
The total length of the light ﬂash is then given by the diﬀerence of these two lengths
divided by a factor of 2. The factor 2 takes the increase and decrease of the light ﬂash
roughly into consideration. Therefore, the duration Tflash is given by
Tflash =
lflash
c◦
=
D − d
2 c◦
=
rbend
c◦
(
1
γ β
− sin 1
γ
)
. (2.23)
The duration Tflash can be approximated using equation 2.11c and the ﬁrst two terms of
the development of the sinus.
Tflash ≈ 2 rbend
3 c◦ γ3
(2.24)
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The light ﬂash emitted by a single electron bunch is periodic with a repetition rate depend-
ing on the circumference of the storage ring and the speed v of the electrons (ﬁgure 2.13).
As the probability for an electron to emit a photon is the same over its whole trajectory
from A over B to C, the duration of the light ﬂash Tflash is also the time of emission for a
single photon. Therefore, the frequency spectrum of the bending magnet can be obtained
as Fourier- transformation of the time structure. This spectrum consists of about γ3
harmonics of a base frequency ω◦ up to a characteristic frequency ωc:
ω◦ =
c◦
rbend
(2.25)
ωc = T
−1
flash =
3 c◦
2 rbend
γ3 (2.26)
For experimental purposes, the radiation emitted by a bending magnet is much more
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Figure 2.13: Time structure of the radiation emitted by a bending magnet [Lengeler96].
intense than that of any x-ray tube; nevertheless it is typically 2 orders of magnitude less
brilliant than that of wigglers (see section 2.2.2.2), and 5 orders of magnitude less brilliant
than that of undulators (see section 2.2.2.1, and ﬁgure 2.15).
2.2.2 Insertion Devices
Insertion devices are periodic arrangements of magnets as shown in ﬁgure 2.14. The mag-
netic ﬁeld B along the path of the electron can be written as
B =
(
0 , 0 , B◦ sin
(
2πx
λID
))
. (2.27)
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While the magnetic period λID and the number of magnetic periods NID is a ﬁxed param-
eter of the insertion device, the maximum magnetic ﬁeld B◦ as seen by the electrons can
slightly be varied by changing the gap between the magnetic poles. The movement of the
electron in the x-y-plane is then given by⎛
⎜⎜⎝
meγ
d2x
dt2
meγ
d2y
dt2
⎞
⎟⎟⎠ =
⎛
⎜⎜⎝
+ e◦
dy
dt
B◦ sin
(
2πx
λID
)
− e◦ dx
dt
B◦ sin
(
2πx
λID
)
⎞
⎟⎟⎠ (2.28)
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Figure 2.14: Schematic drawing of an insertion device and the trajectory of the electrons in the
device [Wille96].
Obviously, the trajectory of the electrons is modulated not only in the y-direction, but
also in the x-direction. An observer travelling with the average speed of the electrons would
see an electron movement in the x-y-plane that looks like the digit ”8”. For very weak
magnetic ﬁelds the trajectory as seen by this moving observer will become a line in the
y-direction. In the laboratory frame the trajectory of the electron for very weak magnetic
ﬁelds is purely sinusoidal. With increasing magnetic ﬁeld the sinusoid is more and more
distorted, giving rise to higher harmonics.
As will be shown in the next paragraphs, there are fundamental diﬀerences between
the synchrotron radiation emitted from an insertion device with weak magnetic ﬁeld (un-
dulator) and high magnetic ﬁeld (wiggler).
2.2.2.1 Undulator
For weak magnetic ﬁelds (i.e. small transversal movement) the coupling of the movement
in x and y direction can be neglected. In other words, we then assume that the speed of
2.2. SYNCHROTRON RADIATION 19
the electron along the x-direction is given by v = β c◦. Using
dy
dt
=
dy
dx
dx
dt
= β c◦
dy
dx
⇒ d
2y
dt2
= (β c◦)2
d2y
dx2
(2.29)
and β γ ≈ γ (2.30)
the motion in y-direction can then be integrated:
dy
dx
=
κ
γ
cos(
2πx
λID
) = tanα ≈ α (2.31a)
y(x) =
κ
γ
λID
2π me
sin(
2πx
λID
) with (2.31b)
κ =
e◦ B◦ λID
2π mec◦
(2.31c)
The parameter κ has no dimension and describes the optical properties of the insertion
device: the amplitude of the movement and the maximum deviation angle αmax = κ/γ
(see ﬁgure 2.14), both increase with κ.
The undulator regime is characterized by a maximum deviation angle αmax of the same
order of magnitude or smaller than the angle of the emission cone γ−1.
undulator: αmax 
1
γ
⇔ κ  1 (2.32)
Given this case, the emission cones overlap and it is not possible to determine at which
magnet in the undulator the emission of a speciﬁc x-ray photon occurs. Therefore, the
quantum-mechanical probability for the emission of a photon in the undulator is given
by the modulus square of all probability amplitudes to emit a photon at each magnet.
Obviously this sum contains interference terms. Due to this interference, the intensity of
the emitted radiation is proportional to N2ID. The emitted spectrum can be described by
[Lengeler96]
λj =
λID
2 γ2 j
(
1 +
κ2
2
+ γ2θ2
)
with j = 1, 2, 3, . . . , (2.33)
with θ being the vertical angle of observation. From equation 2.33 a very handy form for
the energy spectrum can be deduced:
Ej/[keV ] =
0.95 E2e/[GeV ]
λID/[cm]
j
(
1 +
κ2
2
+ γ2θ2
)−1
with j = 1, 2, 3, . . . (2.34)
The highest energy is always observed on the x-axis, where θ = 0. The term γ2θ2 provides
a sharp edge at high energy and a continuous foothill at lower energy. Therefore, a pinhole
or slits are often placed as a ﬁrst optical element behind the undulator.
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The even and odd harmonics are due to the acceleration of the electrons along the x-
and the y-axis, respectively. In the laboratory frame the even harmonics j= 2, 4, 6, . . . are
emitted radially from the electron beam and produce weak radiation intensities. The odd
harmonics j= 1, 3, 5, . . . are emitted in the direction of the electron beam and produce high
radiation intensities. Due to the interference the angular divergence σθ of the undulator
odd harmonics is smaller than a single emission cone γ−1:
σθ =
1
γ
√√√√ 3
4π
(
1 + κ
2
2
jNID
)
(2.35)
Along the emission axis the width of a single odd harmonic in the energy spectrum is given
by
ΔEj
Ej
=
Δλj
λj
=
1
jNID
∼ 10−2 , (2.36)
2.2.2.2 Wiggler
The wiggler is an insertion device like the undulator but with a stronger magnetic ﬁeld:
the maximum deviation angle αmax is much larger than the emission cone γ
−1:
wiggler: αmax  1
γ
⇔ κ 1 (2.37)
Due to this it is in principle possible to determine at which magnet in the wiggler the
emission of a speciﬁc x-ray photon occurs. Therefore, the quantum-mechanical probability
for the emission of a photon in the wiggler is given by the sum over the squared probability
amplitudes to emit a photon at each magnet. Obviously this sum contains no interference
terms. In other words the emission intensities of each magnetic pole have to be added
to each other to obtain the emission intensity of the wiggler. Thus, the wiggler emits a
spectrum which is very similar to the spectrum of a bending magnet with an intensity
of the emitted radiation being proportional to 2NID. The emission cone has a vertical
opening angle of γ−1 similar to a bending magnet and a horizontal opening angle of 2κ/γ
[Lengeler96].
2.2.3 Development of X-Ray Sources
The brilliance of x-ray sources has increased dramatically over the last 40 years.
Whereas for x-ray tubes (static or with rotating anodes) the brilliance barely exceeds
108 [ph/(s mrad2 mm2 ΔE/E=10−3)] that of synchrotron radiation sources is now for in-
sertion devices around 1020 in the same units (see ﬁgure 2.15). The x-ray free-electron
laser (XFEL) now under planing or construction will see another increase by at least 6
orders of magnitude resulting in 1026 [ph/(s mrad2 mm2 ΔE/E=10−3)] in the average and
1034 [ph/(s mrad2 mm2 ΔE/E=10−3)] in the peak brilliance. The problems resulting for
the ﬁrst optical elements and for some of the samples from this dramatic increase are not
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Figure 2.15: Improvement of average brilliance over the time.
yet solved and more technological eﬀorts are needed to make full use of this outstanding
photon density.
The synchrotron radiation sources for hard x-rays of the third generation, like
ESRF, Ee = 6.03 GeV, circumference 844.39 meters,
APS, Ee = 7 GeV, circumference 1104 meters,
SPring-8, Ee = 8 GeV, circumference 1436 meters,
have large circumferences. This causes high building costs. On the other hand, the large
circumference allows for a large number of experiments which can be installed and run
simultaneously. Figure 2.16 is a schematic drawing of the diﬀerent beamlines installed at
ESRF. There are 32 bending magnet stations and 29 (32 reduced by 3 for injection and
RF cavities) insertion devices and a corresponding number of beamlines.
Beam stability and quality of the experimental setups at third generation sources are
far superior to what was possible at second generation sources which where taken over
from high energy physics facilities. This has made possible new techniques which were not
feasible before like tomography, microscopy, speckle spectroscopy, magnetic scattering, and
many other techniques.
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Figure 2.16: Schematic drawing of the European Synchrotron Radiation Facility (ESRF)
with its operational beamlines: BM = bending magnet, ID = insertion device
[ESRF04].
Chapter 3
Overview of X-Ray Optics
3.1 Interaction of X-Rays with Matter
Like visible light x-rays are electromagnetic radiation and interact with charged particles.
The main interaction processes of x-ray radiation by its passage through matter are pho-
toelectric absorption, elastic and inelastic scattering by charged particles. The absorption
due to generation of electron-positron pairs will not be taken into account here, since it
only occurs at photon energies above the double rest energy of an electron (E > 2· 511 keV)
which are out of the range of the experiments described in this thesis.
A value for the strength of the interaction between photons and charged particles
(electrons and protons) is given by the Thomson cross section
dσ
dΩ
=
(
1
4π◦
e2◦
me/p c2◦
)2
· p2(θ) , (3.1)
with the polarization p(θ) = (e1 · e2). Here e1 and e2 are the unit vectors of the electric
ﬁeld before and after the interaction, respectively. Figure 3.1 illustrates the polarization at
an interaction of a photon with matter. There are two particular directions of the electric
ﬁeld:
• The σ polarization, where the electric ﬁeld unit vector is perpendicular to the plane
of propagation of the photon. Here p(θ) = 1 .
• The π polarization, where the electric ﬁeld unit vector is in the plane of propagation
of the photon. Here p(θ) = cos θ .
Since the magnitude of the charges of electrons and protons are equal, but the mass of the
proton is about three orders of magnitude higher than the mass of the electron, only the
interaction of x-ray radiation with electrons is relevant (see equation 3.1). Furthermore,
for forward scattering the polarization p(θ = 0) is 1 , both for σ- and π-polarization. Thus,
the cross section can be written using the classical electron radius r◦(
dσ
dΩ
)
θ=0
=
(
1
4π◦
e2◦
me c2◦
)2
= r2◦ . (3.2)
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Figure 3.1: The behavior of σ and π polarization when a photon interacts with matter.
As one can see in equation 3.2, the scattering length for photons with electrons describing
the main interaction process between x-ray radiation and matter is given by the classical
electron radius r◦ = 2.818...·10−15 m.
3.1.1 The Complex Index of Refraction
When W.C.Ro¨ntgen discovered the x-ray radiation and characterized its properties he
found that the beams were not refracted [Ro¨ntgen95]. He conclude that the index of
refraction n must be smaller than 1.05 or even equal to 1 . In 1916 C.G. Barkla showed
that there should be refraction with an index of refraction in the order of 0.999995 ≤ n ≤
1.000005 [Barkla16].
The index of refraction of x-ray radiation in matter can be derived from the interaction
of the photon with the bound electrons of the atoms using a forced damped oscillator model.
To describe qualitatively and quantitatively the refraction of x-ray radiation Compton
adapted the theory used for visible light by Lorentz for the x-ray radiation: the electrons
are bound elastically in the atom and perform forced oscillations in the electric ﬁeld of the
impinging x-rays. Since accelerated electrons loose energy by radiation, the oscillation
is damped. At the frequency which corresponds to the binding energy of the electron,
resonance occurs and leads to the anomalous dispersion. A more detailed derivation of
this theory can be found in [James62] and, in a more compact form, in [Tu¨mmler00].
The forced oscillator model leads to the complex index of refraction n (see equation 3.3a),
which depends on the atomic scattering factor f( K) = f◦( K) + f ′(E) + if ′′(E) , with K,
the scattering vector between the incident and the scattered beam, and E the energy of
the x-ray radiation. In the context of the refractive lenses we will regard all scattering in
other directions then the forward direction as attenuation of the beam. Given this, the
atomic scattering factor can be written as f = Z + f ′(E) + if ′′(E) , Z being the atomic
number of the scattering element.
n = 1− δ + iβ with (3.3a)
δ =
λ2
2π
· r◦ · ρNA
A
· (Z + f ′(E)) and (3.3b)
β =
λ2
2π
· r◦ · ρNA
A
· f ′′(E) (3.3c)
Here ρ is the density of the scattering matter, NA the Avogadro constant, A the molar
mass of the scattering element.
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The real part of equation 3.3a describes the refraction of the x-ray radiation while the
imaginary part describes photoabsorption.
3.1.2 Refraction
The decrement δ from equation 3.3b describes the strength of refraction by the passage
of x-ray radiation from vacuum into matter. Examining equation 3.3b more closely, one
can see the inﬂuence of the energy of the x-rays shown by the term (λ
2
2π
), the scattering
length of the interaction between the photon and one electron (r◦), the number of relevant
electrons per atom (Z + f ′), and the density of atoms in the scattering matter (ρNA
A
).
The value δ is of the order of 10−5 to 10−7 and positive. Therefore, the real part 1− δ
is smaller than unity. Obviously this leads to two interesting eﬀects:
vacuum
matter
1
2
n1=1
n2 > 1
visible light(a)
1
2
n1=1
n2 = 1- <1	
x-ray radiation(b)
Figure 3.2: Comparison of the refraction of visible light and x-ray radiation. As usual in of x-
ray physics the angles θ1/2 are taken between the beam direction and the surface
plane.
• According to Snell’s law for refraction
n1 cos θ1 = n2 cos θ2 , (3.4)
by its passage from vacuum or air into matter an incident x-ray radiation beam
is refracted towards the surface, and not away from it as for visible light. This is
illustrated in ﬁgure 3.2 . Therefore, a focusing lens for x-ray radiation must have
a concave shape, and not a convex one like focusing lenses for visible light. The
consequences of the concave shape will be discussed in chapter 4 .
• When the angle of incidence of the x-ray radiation is small, external total refection
can occur (section 3.1.4). This eﬀect can be exploited to build mirrors for hard x-rays
(section 3.3).
For compounds the decrement δ has to be calculated taking into account the diﬀerent
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atomic constituents i:
δ =
λ2
2π
· r◦ ·
∑
i
ρi NA
Ai
· (Z + f ′)i , (3.5a)
ρi = ρ wi , (3.5b)
where wi is the fraction by weight of the i-th atomic constituent.
3.1.3 Absorption
The imaginary part of equation 3.3a describes the attenuation of x-ray radiation through
photoabsorption in matter and is related to the attenuation coeﬃcient μ by
μ = 4π
β
λ
. (3.6)
Although typical values of β are of the order of 10−7 to 10−9, the photoabsorption is not
negligible due to the wavelength λ being of order 1 A˚.
The linear absorption coeﬃcient μ is the sum of the coeﬃcients of photoabsorption τ ,
elastic (Rayleigh) scattering μR, inelastic (Compton) scattering μC , and other absorp-
tion processes only relevant at higher energies (see ﬁgure 3.3). For the energy range of the
x-rays considered in this thesis the photoabsorption and the Compton scattering are the
main absorption processes.
As the linear absorption coeﬃcient μ depends on the density of the matter (see equa-
tions 3.6 and 3.3c) it is tabulated as the mass absorption coeﬃcient μ/ρ, also called mass
attenuation. In ﬁgure 3.4 the mass absorption coeﬃcients are shown for diﬀerent materials
which are of interest as lens material (see section 4.4). For compounds the mass absorption
coeﬃcient μ/ρ has to be calculated taking into account the diﬀerent atomic constituents i:
μ
ρ
=
∑
i
wi
(
μ
ρ
)
i
(3.7)
where wi is the fraction by weight and (
μ
ρ
)i is the mass absorption coeﬃcient of the i.th
atomic constituent.
The loss of intensity of an x-ray radiation beam by its passage through matter is given
by Lambert-Beer’s law:
I(d) = I◦ e−μd , (3.8)
where I◦ is the intensity of the beam before its passage through the matter of thickness d.
3.1.4 Reﬂection
As mentioned in section 3.1.2 external total reﬂection can occur when x-ray radiation hits
a surface at a small angle of incidence. The critical angle of external total reﬂection θC
can easily be calculated using Snell’s law (equation 3.4) : we consider an x-ray beam at
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Figure 3.3: The total mass absorption coeﬃcient (e.g. for aluminium) is the sum of the mass
absorption coeﬃcients of the diﬀerent absorption processes. Shown here are the
contributions of the photoelectric absorption, the coherent (Rayleigh) scattering,
the incoherent (Compton) scattering, and the pair (e−e+) production. Data taken
from [Berger].
the interface between matter 1 and matter 2 with the refraction indices n1 = 1 − δ1 and
n2 = 1 − δ2, respectively. Here, matter 1 is the optical thicker medium (δ1 < δ2). The
incident angle θ1 shall be the critical angle of external total reﬂection θC . Then, the angle
θ2 is 0 . Given this, Snell’s law reads
n1 cos θC = n2 (3.9a)
⇒ cos θC = n2
n1
=
1− δ2
1− δ1 = 1−
δ2 − δ1
1− δ1 . (3.9b)
As the decrements δ1/2 are much smaller than 1, the angle θC is very small and the cosine
can be expanded into a series:
1− θ
2
C
2!
= 1− δ2 − δ1
1− δ1 (3.10a)
⇒ θC =
√
2
δ2 − δ1
1− δ1 (3.10b)
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Figure 3.4: Mass absorption coeﬃcients for diﬀerent materials: nickel, aluminium, carbon,
boron, and Beryllium. Data taken from [Berger].
Usually, the x-ray beam and the mirror are stored in a vacuum tube. For the further
discussion we will use this arrangement. Then the critical angle has the simple form
θC =
√
2δ (3.11)
where δ is the refraction decrement of the mirror material. Typically, the critical angle of
external total reﬂection is smaller then 0.5◦ .
A theory for the reﬂection has been developed by Fresnel making use of the
Maxwell-equations. It shows that at an interface between two media the tangential
components of the electric and magnetic ﬁeld of the incident beam are continuous. It fol-
lows that for a σ-polarized x-ray beam, as shown in ﬁgure 3.5, the ratio of the amplitudes
of the electric ﬁelds of the incident and reﬂected beams is
| E ′1|
| E1|
=
sin(θ1 − θ2)
sin(θ1 + θ2)
. (3.12)
For a π-polarized x-ray beam it follows
| E ′1|
| E1|
=
tan(θ1 − θ2)
tan(θ1 + θ2)
. (3.13)
As the angles are very small the tangents and sines can be approximated by the angles
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Figure 3.5: Scheme of the reﬂection of a σ-polarized x-ray beam.
themselves. Furthermore the angle θ2 can be determined using Snell’s law:
cos θ1 = n2 cos θ2 (3.14a)
1− θ
2
1
2
= (1− δ + iβ)(1− θ
2
2
2
) (3.14b)
⇒ θ2 =
√
θ21 − 2δ + 2iβ =: p2 + iq2 (3.14c)
with
2p22 =
√
(θ21 − 2δ)2 + 4β2 + (θ21 − 2δ) and (3.15)
2q22 =
√
(θ21 − 2δ)2 + 4β2 − (θ21 − 2δ) . (3.16)
Thus, the probability of reﬂection, called the Fresnel-reﬂectivity RF is
RF =
(
| E ′1|
| E1|
)2
=
∣∣∣∣(θ1 − θ2)(θ1 + θ2)
∣∣∣∣
2
(3.17)
⇒ RF = (θ1 − p2)
2 + q22
(θ1 + p2)2 + q22
(3.18)
The Fresnel-reﬂectivity does not take into account the roughness of the surface. A model
suitable for the calculation of the inﬂuence of roughness for grazing incident x-ray radiation
reﬂection has been developed by Nevot and Croce [Nevot80]. In this model one makes
the assumption that the rough surface is composed of many small, parallel, and ideally ﬂat
surfaces. The surface heights are distributed according to a gaussian, with the standard
deviation σ as a measure of the roughness. The heights of the surfaces that reﬂect are not
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correlated (grazing incidence). In the Nevot-Croce model the probability of reﬂection
is given by
R = RF exp {−4 k21 θ1 p2 σ2} . (3.19)
For higher angles of reﬂection, meaning that the heights of the surfaces that reﬂect are
correlated, a similar theory has been developed by Rayleigh. In the Rayleigh model
the probability of reﬂection is given by
R = RF exp {−4 k21 θ21 σ2} . (3.20)
As the angle of external total reﬂection for x-ray radiation is small, the Nevot-Croce
model is suitable for the calculation of the reﬂectivity of mirrors. For refractive lenses
(see chapter 4) angles between the surface and and the incident x-ray radiation are large.
Therefore, here the Rayleigh model is suitable for the calculation of the inﬂuence of the
reﬂectivity.
3.1.5 Bragg scattering
As seen before, x-ray radiation is diﬀracted by charged particles. If these charged particles
are arranged in a periodic grid, like for instance in a crystal, the diﬀracted x-ray radiation
can interfere constructively in a sharp beam. Thus the diﬀracted radiation is not emitted in
every direction, but only in some directions determined by the speciﬁcations of the periodic
grid, the incident angle, and the wavelength of the x-ray radiation. This has been predicted
by M.v. Laue and shown ﬁrst by W.Friedrich and P.Knipping in 1912. One year
later W.H.Bragg and W.L.Bragg (father and son) showed that this behavior can be
interpreted as ”reﬂection” of the x-ray radiation by the layers of a crystal. This leads to a
simple relation between the wavelength λ, the incident angle θ and the distance between
two crystalline layers d:
j λ = 2 d sin θ with j = 1, 2, 3 ... (3.21)
Equation 3.21 can easily be understood if one considers diﬀerent possible ways for the
x-ray radiation like shown in ﬁgure 3.6 . For positive interference the diﬀerence in the path
lengths between possibility 1 and 2 has to be a integer number of wavelengths.
3.2 Monochromators
Monochromators usually are single crystals, e.g. silicon. They use the Bragg scattering
to pick out x-ray radiation with a small range in energy. As the use of one crystal would
change the beam direction, they are often used as pairs (ﬁxed angle) or even as two pairs,
like shown in ﬁgure 3.7 . The energy bandwidth ΔE
E
of such monochromators is of order
10−4 for low index reﬂections. Furthermore, tilting the diﬀerent crystals slightly reduce
the accepted energy bandwidth. Also this is a possibility of getting rid of the radiation of
higher energy that also fulﬁlls the Bragg formula 3.21 for j = 2, 3, 4 ..., as the accepted
bandwidth in energy for the higher orders is small in comparison to the ﬁrst order.
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Figure 3.6: Bragg scattering: Diﬀraction on a periodic grid interpreted as ”reﬂection” by lay-
ers.
Figure 3.7: Geometry of double crystal monochromators.
3.3 Mirrors and Capillaries
As seen in section 3.1.4 external total reﬂection is possible under small incident angles.
This is used in various optics for x-ray radiation as mirrors, capillaries and polycapillaries.
The simplest optical element is a ﬂat and polished piece of matter, for instance silicon,
palladium or platinum. Due to the small angle of total reﬂection the incident beam has
a long footprint and therefore the geometry is a long stripe. Typical beam sizes from
undulators being 1 mm2 a ﬂat mirror has to be about 40 centimeters long, curved ones
can be shorter. At beamline ID22 of the ESRF the mirror consists of a silicon bloc on
which a stripe of palladium and a stripe of platinum where deposited. A third stripe was
left blank using the silicon bloc itself as mirror. The use of such mirrors is not in imaging
or beam-shaping, but in getting rid of high energy radiation due to the harmonics of the
monochromator. The cut-oﬀ energies depend on the incident angle and on the mirror
material as shown in ﬁgure 3.8.
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Figure 3.8: Reﬂectivity (calculated) versus photon energy for diﬀerent mirror materials: silicon,
palladium, and platinum. The angle of incidence is 0.15◦, roughness is neglected.
Beside these simple mirrors there are mirrors with curved surfaces used to image with
x-ray radiation or to shape the beam, mostly to focus it. For instance an elliptical proﬁle
will image a point source to a point or a parabolic proﬁle would image a parallel beam to
a point and vice versa. The range of possible geometries is large but unfortunately often
limited by material and machining parameters:
• Smoothness: To achieve a reasonable reﬂectivity the surface has to be smooth to at
least σ = 5 A˚ over the full mirror surface.
• Geometry accuracy: Here again the large dimensions of a mirror cause problems,
as the geometry has to be accurate over the full mirror area. A focusing mirror
with focal spot size of 10 micrometers and focal distance of 1 meter would tolerated
distortion only up to 10−5 radian at best.
• Heat load: The mirror has to support the heat load of the beam. Hence, for the use
at a synchrotron it has to be cooled to avoid distortions.
Due to the small angle of total reﬂection a simple spherical mirror suﬀers from astigmatism.
Figure 3.9 shows the formation of two line foci instead of one point focus, caused by the
use of a spherical mirror with small angles of incidence. As mirrors with diﬀerent radii
of curvature are diﬃcult to manufacture, in 1948 Kirkpatrick and Baez introduced
an arrangement of two consecutive cylindrical mirrors [Kirkpatrick48], thus avoiding the
astigmatism (see ﬁgure 3.10).
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Figure 3.9: Astigmatism (two line foci instead of one point focus) caused by the use of a spheri-
cal mirror with small angles of incidence.
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Figure 3.10: Kirkpatrick-Baez setup for a microscope, avoiding astigmatism.
A great advantage of mirrors is the achromaticity: the reﬂectivity is nearly independent
of the x-ray radiation energy for large energy ranges (see ﬁgure 3.8). A disadvantage of
mirrors is the change of the beam direction, making alignment diﬃcult.
Mirrors are also in use on satellites for astronomical x-ray images, for instance ROSAT,
XMM, ROSITA, Chandra [Xra] . Here Wolter type mirrors, mirrors with two or more
reﬂections on consecutive paraboloidal and hyperbolical surfaces, are used [Wolter52] .
Capillaries are also based on the principle of total reﬂection. The incident beam is
collected by the larger aperture of a tapered capillary and guided to the smaller aperture
at the other end of the capillary by external total reﬂections on the capillary walls (see
ﬁgure 3.11). Obviously the achievable spot size is smallest at the exit of the capillary
and diverges with an opening angle of twice the angle of external total reﬂection θC (see
equation 3.11). The taper of the capillary walls has to be of the same size than the angle
of external total reﬂection to allow a parallel beam to be reﬂected once, and even smaller
for multiple reﬂections. Therefore, capillaries have small apertures limiting the intensity
in the spot. To increase the intercepted x-rays, and thereby the intensity in the spot, one
can combine many capillaries, each of it pointing to a common focal point near the exit
aperture, to a bundle, the so called polycapillary. As this common focal point can only be
near to the exit aperture of the single capillaries of the bundle, the spot size is blurred.
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Figure 3.11: Beam geometry of a capillary.
3.4 Multilayer
Multilayer optics consist of consecutive layers of materials with high and low Z, thus making
Bragg scattering at these artiﬁcial structures possible. The layers have thicknesses of
some A˚ngstro¨m to some nanometers. Therefore, higher angles of incidence, compared
to external total reﬂection, become possible. In ﬁgure 3.12 the reﬂectivity of a tungsten-
carbon multilayer mirror for Cu Kα radiation versus twice the angle of incidence is shown.
The accepted energy bandwidth is larger than for monochromator crystals. Multilayer
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Figure 3.12: Reﬂectivity versus twice the angle of incidence of a multilayer optic for Cu Kα
radiation. The structure is made of tungsten and carbon layers [Underwood88] .
mirrors can have planar geometry, or a special geometry, e.g., a Goebel mirror: the
parabolic shape of the mirror allows to parallelize the radiation emitted by a point like
source, for instance a micro focus x-ray tube. Note, that the thickness of the layers has to
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vary, as the angle of incidence changes depending on where the beam is reﬂected oﬀ the
mirror.
Figure 3.13: Multilayer optic, e.g. a Goebel mirror. Such a mirror is often used at x-ray tubes
to parallelize the emitted radiation.
3.5 Fresnel Zone Plates
Fresnel lenses are well known optical components for visible light. The same principle
can also be used for x-rays, in particular for soft x-rays. Figure 3.14 shows a schematic
drawing of a Fresnel zone plate. It consists of concentric rings, alternatingly transparent
and opaque. It is easy to calculate the focal length of such a lens. Imagine that a point
source is at minus inﬁnity. Then, a parallel beam will impinge on the lens. The radii rj of
the diﬀerent rings are determined in such a way that neighboring distances from the rings
to the focus diﬀer by λ/2 . In other words
√
r2j + f
2 − f = n λ
2
. (3.22)
Since f  rj, the square root can be expanded giving
rj =
√
jλ f (3.23)
The diﬀerent rings are called Fresnel zones. For the rings with even j= 0, 2, 4, 6... the
optical path diﬀerences are integers of λ, i.e. the probability amplitudes of the photons
passing through these rings are in phase resulting in constructive interference in the focus.
For the rings with odd j= 1, 3, 5, 7... the amplitudes are also in phase among each other
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Figure 3.14: Schematic drawing of a Fresnel zone plate. The concentric rings, alternatingly
transparent and opaque, let only pass the x-rays contributing constructively to the
focus formation.
but out of phase to the rings with even j . When they are made opaque this arrangement
of Fresnel zones works as a focusing lens with focal length
f =
r21
λ
(3.24)
The radius r1 to the center of the ﬁrst zone is a parameter which can be chosen freely.
Fresnel lenses show chromatic aberration, because f depends on λ . The eﬃciency of
the absorptive Fresnel lens described here is low because halve of the area is opaque. The
eﬃciency can be improved when the odd zones are also transparent but generate a phase
shift of π relative to the even ones. This is achieved by refraction in the lens material. The
eﬃciency of phase zone plates can increase to about 40% [Attwood99].
Fresnel zone plates have found a wide spread use as x-ray optical components, in
particular for soft x-rays, where they are the basic optical element in microscopy. In the
meantime these lenses can be used up to about 10 keV. At higher photon energies their
eﬃciency decreases because they become too transparent to the beam.
The spatial resolution which can be achieved with Fresnel zone plates is approxima-
tively given by the width of the outermost zone:
dl = rN − rN−1 , (3.25)
where N is the total number of Fresnel zones. This can be shown in the following
way: the lateral resolution of a microscope is given by equation 4.21 : dl = λ/(2NA). For
Fresnel lenses with f  rN the numerical aperture NA (see equation 4.22 and ﬁgure 4.10)
is given by
NA = sinα ∼= tanα = rN
f
. (3.26)
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Here we have taken into account that the eﬀective aperture deff of a Fresnel lens is 2 rN .
Using equations 4.21 and 3.23 we get
dl =
λ f
2 rN
=
√
λ f
4N
. (3.27)
On the other hand, for N  1
rN − rN−1 =
√
N λf −
√
(N − 1)λ f =
√
λ f
4N
. (3.28)
Hence dl = rN − rN−1 . To ensure the opacity or the phase shift by π for hard x-rays the
material of the rings has to be at least several micrometers thick. To obtain a resolution
of e.g. 0.1 micrometers one has to achieve an outermost zone with this width and a height
in the range of a couple of micrometers, which is fairly diﬃcult to achieve.
3.6 Other X-Ray Optics
Beside the x-ray optics mentioned in the sections above, there are ones which are of interest
although they have not found such a wide spread use:
Bragg-Fresnel lenses work similar to Fresnel lenses, but in Bragg reﬂection from a
single crystal and not in transmission [Aristov89] . As they work in reﬂection their
use for imaging bears the same problems as mirrors. Bragg-Fresnel lenses can be
used as monochromator and imaging optic in one element.
Cedersto¨m lenses are based on refraction like the parabolic refractive lenses discussed
in this thesis, but the geometry is very diﬀerent [Cederstro¨m00] . Two rows of saw
teeth which form a small angle with one another generate by refraction a line focus.
Waveguides can be used to enhance the x-ray ﬂux [Feng93]. By means of a resonant beam
coupler the synchrotron radiation is inserted into a thin ﬁlm where it propagates like
in a capillary. As the coupling area is larger than the opening of the thin ﬁlm, the
ﬂux is increased.
Photon sieves work like Fresnel lenses, with the diﬀerence that the transparent rings
are replaced by a quasi random distribution of pinholes [Kipp01]. The spot size
achievable should be smaller than the smallest pinhole. First results for hard x-rays
are expected.
3.7 Typical Beamline Layout for SR Sources
Before the x-ray beam provided by a bending magnet, a wiggler or an undulator is used for
an experiment it is usually conditioned by several optical elements. To be speciﬁc we will
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discuss the optical elements of the ESRF beamline ID22, where most of our experiments
have taken place. These optical elements are shown in ﬁgure 3.15 and are listed here in
there downstream order (away from the undulator):
The frontend (FE) is a beam shutter located inside the concrete tunnel of the storage
ring. Its purpose is to shut down the beam from the whole beamline, for instance if
someone wants to access the optics hutch or in emergencies.
The diamond window following the FE separates the vacuum of the storage ring from
the beamline vacuum components.
The optional FE lens, mostly a spherical beryllium lens can be used for a rough focusing
or a parallelization of the beam.
The ﬁrst slits are adaptable apertures to take away unwanted parts of the beam to pro-
tect valuable components downstream from unnecessary heat load due to the very
intensive x-ray radiation of the undulator.
Two sets of optional attenuators can be used to reduce the radiation intensity or to
shape the spectrum, e.g., to select one undulator harmonic (pink beam). The last
can be achieved by an appropriate combination of two diﬀerent ﬁlter materials or
one ﬁlter and the mirror, both without using the monochromator afterwards.
The mirror is used to get rid of unwanted high energy radiation which would pass the
monochromator as higher harmonics of the selected energy. At ID22 a silicon, a
palladium, and a platinum mirror can be used (see section 3.3 and ﬁgure 3.8).
A beryllium window separates this vacuum section from the following.
The double crystal monochromator completes the optical components of the optics
hutch. The monochromator is an optional component to select a small part of the
emitted energy spectrum, typically ΔE
E
= 10−4. At ID22 it is also possible to not use
the attenuators, the mirror and the monochromator, making the full spectrum of the
beam, then called white beam, accessible for the experiment.
The experiments hutches are each preceded by slits, a shutter, and a beryllium win-
dow.
A massive beam stop is located at the very end of the beamline.
As the radiation power density of an undulator is high (approximatively 30 W/mm2)
most of the optical elements, especially all elements in the optics hutch, including the
apertures, have to be cooled to avoid damage. After the mirror and the monochromator
the radiation intensity is low enough that most optical elements can withstand the beam
without additional cooling.
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Figure 3.15: Schematic drawing of the beamline ID22 at the ESRF.
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Chapter 4
Parabolic Refractive X-Ray Lenses
4.1 Geometry of Parabolic Refractive X-Ray Lenses
(PRXL)
Parabolic refractive x-ray lenses consist of concave paraboloids indented in an appropriate
lens material (see section 4.4). These concave shaped lenses are focusing lenses, as unlike for
visible light, the index of refraction for x-ray radiation in matter is smaller then unity (see
section 3.1.2). For two dimensional focusing the paraboloids are rotationally symmetric.
The lenses discussed here (see ﬁgure 4.1) consist of paraboloids stamped from each side in
a metal disc with a minimal distance d at their apices. The transverse section of the lens
is described by the parabola
R
Ro
n1 = 1
n2 = 1 - 
optical axis
x
y
incident ray
f
refracted rayd
( , )x y1 1 ( , )x y2 2
xo
Figure 4.1: Schematic drawing of a single parabolic refractive x-ray lens.
y = ∓
√
2R
(
x ± d
2
)
, (4.1)
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where R is the radius of curvature at the apex, and the signs are for the left and right
surface, respectively. As the decrement δ of the index of refraction is of the order 10−5 to
Figure 4.2: Tomography of a single beryllium lens recorded at the ID22 of the ESRF
(E=20 keV, 625 projections).
10−7 the refractive power of each lens, even with two parabolic faces, is small, and therefore,
the focal length is long. As we will see in section 4.3.1 the focal length can be reduced by
reducing the radius of curvature R. To further reduce the focal length it is necessary to
align many lenses one behind another to form a compound lens. The geometric aperture
of the lenses used for this thesis is 2R◦ ≈ 1 mm. The beam size at of insertion devices
at a distance of 50 meters from the source is of the same size. Therefore, these lenses are
particulary well suited for the use at insertion device beamlines, like the ID22 of the ESRF.
4.2 Geometrical Optics
Since in this thesis imaging by x-rays is of particular relevance, we will, at the beginning,
consider the main laws of imaging from geometrical optics.
Note, that the laws of geometrical optics for visible light and for x-rays are the same.
Hence, we can use ﬁgure 4.3 for imaging as treated in any textbook on optics. The image
of the illuminated object of size Obj is magniﬁed (or demagniﬁed) by a lens to a size Img.
It is
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Figure 4.3: Imaging of an object by means of a lens in geometrical optics: the object of size Obj
is magniﬁed (or demagniﬁed) into an image of size Img.
1
f
=
1
LOL
+
1
LLI
, (4.2)
where f is the focal length of the lens, LOL is the distance between the object and the
lens, and LLI is the distance between the lens and the image plane. The magniﬁcation (or
demagniﬁcation) is given by
M =
Img
Obj
=
LLI
LOL
. (4.3)
In geometrical optics a point is imaged into a point. We have used compound refractive
x-ray lenses for diﬀerent experiments, with one of the following 4 setups:
• Collimating the beam (see ﬁgure 4.4)
For some applications, e.g. small angle scattering and diﬀraction experiments, a
parallel beam is desirable. To compensate the divergence of the beam, a refractive
lens is placed one focal distance LOL = LSL = f away from the source. The radiation
from a point source would then be imaged into an image at an inﬁnite distance. Of
course all real radiation sources are not point like, therefore a complete collimation
will not be achieved in reality.
• Magniﬁed imaging (see ﬁgure 4.5)
A serious problem in x-ray imaging is the poor lateral resolution of the detectors.
The best resolution is obtained in x-ray ﬁlms, about a few micrometers. This is
not good enough for a number of applications. In addition, a ﬁlm has a very poor
dynamical range (only 20 to 50), and the data are not available in electronic form.
CCD cameras, in combination with a scintillator and an optic, provide electronic
data and a high dynamical range (105). However, the lateral resolution is poor, at
best about 1 micrometer [Koch98] . In order to improve the resolution it is desirable
to magnify the x-ray image. This is done by placing a refractive lens between one and
two focal distances 2f  LOL > f away from the object. According to equation 4.2
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the largest magniﬁcation is achieved by placing the object slightly outside the focus.
Placing the lens at a distance LOL = 2f away from the object will give an image at
the distance LLI = 2f with the same size than the object.
• Demagniﬁed imaging of an x-ray mask (see ﬁgure 4.6)
Lithographic techniques are widely used for the generation of masks for the produc-
tion of micro-electronic devices. As the lateral resolution is ultimately limited by
the wavelength of the light used, big eﬀorts are made to use ultra violet light and
x-ray radiation to make lithography a valuable tool for nano-technical production
processes. The demagniﬁcation of an x-ray mask by means of an parabolic refrac-
tive x-ray lens oﬀers the possibility to generate structures in the range one hundred
nanometer. This is done by placing a refractive lens two focal distances or more
LOL > 2f away from the object.
• Generation of a small focal spot (see ﬁgure 4.7)
There is a growing need of high resolution in scanning x-ray spectroscopy. For that
purpose an x-ray source, like an undulator source, is imaged by means of e.g. a
refractive lens in a strongly demagniﬁed way on a sample. This is, in principle, a
demagniﬁed imaging with the longest possible distance between the object and the
lens, the source being the object imaged, very like in the ﬁrst case (collimating the
beam), but here with LOL = LSL  2f . The focal spot becomes small when
– the source is small,
– the distance LSL from the source to the lens is large,
– the focal length f of the lens is small,
as the demagniﬁcation factor (see equations 4.3 and 4.2) can be written as
M =
f
LSL − f , (4.4)
taking into account that here the distance from the source to the lens is the distance
of the object to the lens LOL = LSL. Demagniﬁcation by a factor of 0.1 to 10
−3
can be achieved with parabolic refractive lenses. At insertion devices, the image of
the x-ray source can also be used to monitor the quality of the electron beam in the
synchrotron [Weitkamp01] .
In the context of this thesis the magniﬁed imaging (microscopy) and the demagniﬁed
imaging (lithography) are the most important setups.
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Figure 4.4: Collimating the beam by means of a cPRXL: LOL = LSL = f ⇒ LLI →∞.
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Figure 4.5: Magniﬁed imaging by means of a cPRXL: 2f  LOL > f ⇒ M = LLILOL  1.
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Figure 4.6: Demagniﬁed imaging by means of a cPRXL: LSL > LOL > 2f ⇒ M = LLILOL < 1.
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Figure 4.7: Generation of a small focal spot: LOL = LSL  2f ⇒ M = LLILOL  1.
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4.2.1 Inﬂuence of Diﬀraction
The point to point imaging in geometrical optics can not be achieved in reality due to
diﬀraction. The ﬁnite aperture of any optical system, in particular of a lens, reduces the
number of alternatives how a photon can propagate from a source point to the image. The
smaller the aperture of the optic, the smaller is the number of alternatives and hence the
less sharp will be the interference in the image. Therefore, in reality, even with an ideal
lens, a point is imaged into an Airy disc. The size of the blur is equal to the lateral
resolution of the optical setup. It is given by equation 4.21 in section 4.3.4 , where it will
be discussed in detail.
4.3 Properties of Parabolic Refractive X-Ray Lenses
4.3.1 Focal Length of a Single Parabolic Refractive X-Ray Lens
The focal length of a single parabolic refractive x-ray lens (PRXL) can easily be calculated.
Figure 4.1 shows an idealized model containing all necessary parameters. If the lens is
illuminated by a parallel beam of x-rays, the beam is refracted at its passages from air to
the lens material and from the lens material to air, and thereby collimated in a common
focal spot f . To calculate the focal length we compare two possible optical paths for the
photons to reach the focal point:
alternative 1 the optical axis, or
alternative 2 hitting the lens at the point (x1, y1), being refracted at this surface, going
from there to the other surface of the lens at the point (x2, y2), being refracted
a second time, and propagate from there to the focal point f .
To simplify the calculation without changing the physical relevance we will assume that
the minimal distance between the two sides of the lens is zero:
d = 0 . (4.5)
As the refraction of x-rays in a single lens is low, and the distance between the two sides
of the lenses discussed here is smaller than 1 millimeter, we will also assume that
x1 ≈ x2 and therefore y1 ≈ y2 . (4.6)
Finally, as lenses for visible light have often a spherical form we will deduce the focal
length for both, spherical and parabolic lenses. The use of a spherical lens shape leads to a
dependence of the focal length f on the distance y1 between the optical axis and the point
at which the beam enters the lens. This is called spherical aberration. We will see, that it
can not be neglected for x-rays in contrary for the situation for visible light.
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The optical length of the two possible optical paths has to be equal to give rise to
constructive interference in the focal spot, therefore
2x1 n2 +
[√
f 2 + y21 − x1
]
= f + x1 . (4.7)
In addition, we have taken into account that the angle of refraction is small, and that
f  y1 . Using n = 1− δ and by expanding the square root, we get:
2x1 (1− δ) + f
√
1 +
y21
f2
− x1 = f + x1
⇒ 2x1 − 2x1 δ + f
(
1 +
y21
2 f2
)
− x1 = f + x1
⇒ y
2
1
2 f
= 2x1 δ . (4.8)
Now we take into account the surface shape.
a) For the parabola it is given by
y21 = 2Rx1 , (4.9)
thus the focal length of a single PRXL is given by
f =
R
2 δ
, (4.10)
using equations 4.8 and 4.9 . The focal length of the lens with the parabolic shape is
therefore independent of y and x for the assumptions made above (thin lens approxima-
tion). It only depends on the lens itself by the parabola parameter R and the used lens
material by the decrement δ of the refraction index. However, the last one is also energy
dependent (see equation 3.3a), which leads to chromatic aberration (see section 4.3.6).
b) The focal length of spherical shaped lenses is obtained likewise by the use of the
shape
y21 + (x1 − R)2 = R2
⇒ y21 = 2Rx1 − x21 , (4.11)
and equation 4.8 . It is given by
f =
R
2 δ
− x1
4 δ
=
R
4 δ
+
√
R2 − y21
4 δ
. (4.12)
Thus the focal length of a spherical lens is dependent of the parameter y1. Hence, the
focal length of a spherical lens varies depending on the distance between the point where
the photon hit the lens and the optical axis.
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For visible light the radii of curvature R of lenses are in the range of some centimeters
to some meters (due to an refraction index of the order of 1.5 and more), while the lens
aperture 2y1 is typically much smaller. Therefore the spherical aberration is often negli-
gible. For x-rays the refraction power is low, therefore small radii of curvature, typically
R = 200 μm, are necessary to achieve focal lengths in the range of some ten centimeters
to some meters. Reasonable apertures for x-ray lenses are in the range of some hundreds
micrometers, thus being larger than R, and violating the spherical approximation. There-
fore, the spherical aberration (see equation 4.12) is not negligible for spherical x-ray lenses.
This is illustrated in ﬁgure 4.8.
(a) (b)
Figure 4.8: Comparison of parabolic and spherical imaging lenses: wave optical simulations of
one to one imaging of a nickel mesh (2000 mesh) at 25 keV with 120 aluminium
lenses shaped parabolically (a), and shaped spherically (b) [Lengeler02]. Obviously
spherical shaped lenses shout not be used for imaging with x-rays.
4.3.2 Focal Length of Compound Parabolic Refractive X-Ray
Lenses (cPRXL)
The focal length f = R
2 δ
of an individual aluminium lens with R = 0.2 mm at 20 keV
(δ = 1.36·10−6) is still 74 meters. In order to reduce the focal length to 1 meter one may
stack 74 lenses in a row (see ﬁgure 4.19). In the thin lens limit the focal length f◦ is now
f◦ =
R
2N δ
, (4.13)
with N , the number of lenses in the stack. The focal length of a thin compound lens is
measured from the center of the lens. It is, however, necessary to align the optical axes of
the individual lenses in the micrometer range. For details see section 4.5 .
4.3. PROPERTIES OF PARABOLIC REFRACTIVE X-RAY LENSES 49
It often happen that the total length of the lens stack is of comparable size to the focal
length (see ﬁgure 4.9). This is, in particular, true for lenses which are used at energies
f
L
H
lens
H
Figure 4.9: The focal length and the principal planes of a thick compound lens.
above about 20 keV. Then the thin lens approximation is no longer valid. The corrections
to f have been calculated [Schroer04] . It turns out that for thick lenses f is given by
f = f◦
1
1 − L
6f◦
. (4.14)
Here, L is the total length of the stack. The focal length f is measured from the rear
principal plane H (see ﬁgure 4.9) with
H = − L
2
24 f◦
(4.15)
Diﬀerences between f and f◦ can easily be of the order of a few centimeters.
4.3.3 Transmission and Gain of Refractive Lenses
The transmission of a parabolic refractive lens with N individual lenses can be calculated
according to Lambert-Beer’s law (see equation 3.8). In [Lengeler99] a detailed derivation
can be found. Here it will only be discussed brieﬂy. To get the Transmission of a lens, we
integrate the absorption over the opening surface of the lens and divide by the opening
surface of the lens to normalize. Thus, we get
T =
∫ 2π
◦
∫ R◦
◦ r exp [−μN (2x + d)] drdϕ∫ 2π
◦
∫ R◦
◦ r drdϕ
, (4.16)
were we have used cylindric coordinates (r, ϕ, x), r being the distance from the x-axis and
ϕ the angle in the y-z-plane. The additional factor r is the Jacobian. Using the parabola
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formula in cylindrical coordinates
r2 = 2Rx , and especially (4.17a)
R2◦ = 2Rx◦ (4.17b)
we get for the transmission:
T = exp (−μNd) 1 − exp (−μN 2x◦)
μN 2x◦
= exp (−μNd) 1 − exp (−2 ap)
2 ap
. (4.18)
The ﬁrst term in equation 4.18 takes care of the material between the apices, and the
second term is an average over the varying thickness in the parabolas. We see, that the
absorption will increase, when the term
2 ap := μN 2x◦ =
(μ/ρ) πR2◦
2π f◦ (δ/ρ)
(4.19)
decrease and vice versa. For the last expression equations 4.17b and 4.13 have been used.
Thus, for a given focal length f◦ and a given wavelength, i.e. a given δ/ρ, the transmission
of a parabolic refractive lens increase with decreasing mass absorption μ/ρ and decreasing
opening surface πR2◦ of the lens. This is why beryllium, boron, and carbon are excellent
candidates for refractive x-ray lenses (see ﬁgure 3.4). Aluminium and nickel have a higher
mass absorption but they have other advantages discussed in section 4.4.
Typical values for the transmission are given in table 4.1 on page 51 . For lenses
with a geometrical aperture of approximatively 1 millimeter the transmission is in the
range from 1% to 30% . It has often been argued that Fresnel lenses for x-rays have
a much better transmission than refractive lenses. This is not the case when Fresnel
lenses and refractive lenses of equal geometric aperture are considered, as shown in the
bottom of table 4.1 on page 51 . Typical Fresnel lenses have a geometric aperture of
2R◦ = 150 μm. In that case the transmission of refractive lenses increases dramatically
as the transmission depends on the opening surface πR2◦ of the lens. This is in particular
true for aluminium lenses as the following example demonstrates: an aluminium lens with
1 meter focal length at 30 keV has a transmission of 1.6% when considering the whole
lens. But as the absorption is higher toward the outer rim, as the lens is thicker there,
the transmission in the inner part of the lens (2R◦ = 150 μm) is 42%, which is a very
reasonable number.
A better quantity for specifying the eﬃciency of the focussing is the gain g, deﬁned as
g := T
4R2◦
bv bh
. (4.20)
The gain is the ratio of intensity in the focal spot and the intensity behind a pinhole of a
size equal to that of the spot. In equation 4.20 bv and bh are the FWHM sizes of the focal
spot in the vertical and horizontal direction respectively. Table 4.1 on page 51 gives also
the gain for a typical beryllium and aluminium lens. Note that for the above example of an
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lens material Be Al
E 10 keV 30 keV
LSL 41 m 41 m
Bv x Bh 60 x 700 μm
2 60 x 700 μm2
R 200 μm 200 μm
d 5 μm 5 μm
N 29 169
f 1.017 m 1.014 m
2R◦ 952 μm 952 μm
deff 628 μm 182 μm
T 29.1% 1.6%
dl 154 nm 177 nm
g 8495 471
2R◦ 150 μm 150 μm
deff 148 μm 128 μm
T 95.3% 42.3%
dl 653 nm 252 nm
g 715 348
Table 4.1: Typical values for the eﬀective aperture, transmission, lateral resolution, and gain
of compound parabolic refractive x-ray lenses, e.g. a beryllium and an aluminium
lens with comparable focal length. At the bottom of the table are shown eﬀective
aperture, transmission, lateral resolution, and gain values for cPRXL calculated for
geometric apertures comparable to those of Fresnel lenses.
aluminium lens the transmission increases when calculated only for the inner lens part, but
of course the gain decreases, as the contribution of the outer parts are neglected. However,
the gain, as deﬁned in equation 4.20, is not only dependent on the optical element. The
source size and source distance enter via the image sizes bv and bh. The values given
in table 4.1 on page 51 are typical values for refractive lenses used at present day third
generation synchrotron radiation sources. To the experimentalist the gains given in the
table are important parameters for planing an experiment.
In recent years, Kirkpatrick-Baez mirrors have found a widespread use at syn-
chrotron radiation sources. As explained in section 3.3 two mirrors, based on total reﬂec-
tion or on multilayers, are arranged in a crossed geometry. They are used for focusing and
for imaging. Since they do not have rotational symmetry they are prone to distortions in
imaging. In that regard refractive lenses with rotationally parabolic proﬁle are superior in
imaging quality. However, refractive lenses show strong chromatic aberration, due to the
λ2 dependence of the refractive decrement δ. In that regard Kirkpatrick-Baez mirrors
based on total reﬂection are superior, since they allow the use of a wide energy spectrum
to handle without need for dramatic readjustment of the Kirkpatrick-Baez mirrors.
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4.3.4 Lateral Resolution and Eﬀective Aperture
The lateral resolution of an x-ray microscope is given, according to optics [Lipson98], as
dl = const
λ
2NA
with const ≈ 1 . (4.21)
The numerical aperture NA is given by
NA = sinα . (4.22)
Figure 4.10 illustrates the geometry. Note that the constant in equation 4.21 is of order 1,
varying slightly with the geometry of the setup. For an Airy disc with a gaussian like
shape, it is given by const = 2
√
2 ln 2
π
≈ 0.75 . Since the object is placed slightly outside
f
lens

deff
L
O
L
Figure 4.10: The lateral resolution of a microscope is given by the wavelength of the light di-
vided by twice the numerical aperture (see equation 4.21).
the focal distance f in order to achieve a large magniﬁcation we can express the numerical
aperture NA as
NA = sinα ≈ tanα = deff
2LOL
≈ deff
2 f
(4.23)
For compound parabolic refractive x-ray lenses the eﬀective aperture deff is given by
[Lengeler99]
deff = 2R◦
√
1 − exp (−ap)
ap
. (4.24)
In general, it is smaller than the geometric aperture 2R◦, due to the absorption which is
particularly strong in the outer areas of the lens. For the two cases given in table 4.1 on
page 51 , the values for deff are quoted as well. Inserting equation 4.23 in equation 4.21
gives for the lateral resolution
dl = const
λ LOL
deff
≈ const λ f
deff
with const ≈ 1 . (4.25)
Equations 4.21 and 4.25 can be understood in the following way: with increasing angle α,
e.g. increasing ratio deff/f , a photon has more and more alternatives to propagate from
the object to the image. This makes the interference in the image much sharper, and,
hence, the resolution will increase.
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Table 4.1 on page 51 shows also the lateral resolution dl which can be expected. It is
below 0.5 micrometers. Due to the small NA of the parabolic refractive x-ray lenses, as
compared to lenses for visible light (lenses for visible light have a NA of the order of 1) the
lateral resolution is limited well above the wavelength of the x-ray radiation. Optimizing
all parameters a lateral resolution of 80 nanometers can be achieved with beryllium cPRXL
with an radius of curvature of R◦ = 200 μm. This is shown in ﬁgure 4.11.
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Figure 4.11: Numerical aperture NA of a refractive lens with f=0.5 m in a 1 to 10 geometry
and f=1 m in a 1 to 20 geometry as a function of photon energy for Be and Al as
lens material (left). Resulting lateral spatial resolution dl achievable in he same
setups versus photon energy (right). Courtesy of C. G. Schroer.
It is obvious from equation 4.25 that a good lateral resolution requires a low focal
length. This, on the other hand, requires a large value of δ. This is favored by a high
density and this by a high atomic number Z. So we have 2 conﬂicting requirements: low Z
for low absorption, and high Z for strong refraction. Figure 4.12 shows the ratio δ/μ for a
number of elements considered for lens production.
4.3.5 Depth of Field, Depth of Focus, and Field of View
When imaged by means of a real lens, the object plane is not a mathematical plane, rather
a volume with a certain depth in the direction of the optical axis. This depth is called the
depth of ﬁeld dfield. This is due to the ﬁnite lateral resolution: changes in the sharpness
of the image due to a slight change of the object plane will not show up until the blurring
becomes larger than the lateral resolution dl . Thus, all objects within the depth of ﬁeld
will have a sharp image. The depth of ﬁeld is given by
dfield =
8
π
λLOL
d2eff
=
2
π
λ
NA2
. (4.26)
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Figure 4.12: The ratio of refraction and absorption δ/ρμ/ρ versus the energy for diﬀerent elements
considered for lens production.
As the NA is small, the depth of ﬁeld is large. Typical values of dfield for experiments with
aluminium lenses are some millimeters to a centimeter, and for experiments with beryllium
lenses in the range of a few hundreds micrometer to some millimeters.
On the other hand, if the object plane is not strictly deﬁned for a speciﬁed image plane,
the image plane is not strictly deﬁned for a speciﬁed object plane neither. In particular,
when the source is demagniﬁed, and the focal spot is used to scan a sample, we can deﬁne
a length, called the depth of focus dfocus where the lateral beam size does not signiﬁcantly
exceed the horizontal spot size bv, respectively the vertical spot size bv:
dfocus =
4
2
√
2 ln 2
bh,v LLI
deff
(4.27)
As the eﬀective aperture is much smaller than the distance from the lens to the image
plane LLI , the depth of focus is large: for experiments with aluminium lenses the depth of
focus is typically a centimeter to some ten centimeters, and for experiments with beryllium
lenses it is in the range of a millimeter to some centimeters. Thus, a pencil like beam can
be realized, that is suitable to scan samples of the same size than the depth of focus.
The ﬁeld of view is the lateral size of the object plane being visible as image in the
image plane. It is limited by the strongly increasing attenuation of the x-rays in the outer
part of the lens: the image intensity decreases away from the optical axis. The details
depend on the angular divergence of the wave ﬁeld transmitted by the sample and the size
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of the eﬀective aperture of the lens. As the angular acceptance range around the optical
axis is very small, the size of the ﬁeld of view is of the order of the eﬀective aperture deff .
4.3.6 Chromatic Aberration
For the parabolic refractive x-ray lenses the chromatic aberration is the main lens aber-
ration. Other lens aberrations like spherical aberration, astigmatism, and coma can be
neglected for ideal parabolic lenses. This is due to the parabolic lens shape, the straight
optical path, and the small ﬁeld of view. With focal distances of the order of some ten
centimeters to some meters, and a ﬁeld of view of a few hundreds micrometers, the geome-
try is very narrow. Thus, the paraxial approximation is well fulﬁlled in all cases, and ﬁeld
curvature eﬀects are negligible.
Due to chromatic aberration a parabolic refractive x-ray lenses will not focus a parallel
polychromatic beam in a point. As the focal length f is proportional to the δ−1 (see
equation 4.13), and the decrement δ depend on λ2 (see equation 3.3b) we get:
Δf
f
= 2
ΔE
E
. (4.28)
Thus the focal spot is blurred. To evaluate the size of the blur ﬁgure 4.13 illustrates the
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Figure 4.13: Chromatic aberration of a PRXL.
geometry for a polychromatic parallel beam. The diameter of the blur dΔE can be deduced
by trigonometry
tanα1 =
deff
2
1
f −Δf and, (4.29a)
tanα2 =
deff
2
1
f + Δf
and, (4.29b)
2Δf =
dΔE
2
1
tanα1
+
dΔE
2
1
tanα2
, (4.29c)
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and, thus, we get
dΔE = deff
Δf
f
= 2 deff
ΔE
E
. (4.30)
As the widening of the focal spot due to diﬀraction dl (see equation 4.25) and due to
chromatic aberration dΔE are independent, the total size of the blur is given by
dl,ΔE =
√
d2l + d
2
ΔE . (4.31)
To illustrate the eﬀect of the chromatic aberration table 4.2 on page 56 shows the values
of dl, dΔE, and dl,ΔE for the aluminum and beryllium lenses discussed above (see table 4.1
on page 51), both for ΔE/E = 10−4 (monochromatized beam), and for ΔE/E = 10−2
(pink beam). Obviously the chromatic aberration can be neglected for aluminum lenses
lens material Be Al
E 10 keV 30 keV
λ 1.2398 A˚ 0.41327 A˚
R 200 μm 200 μm
N 29 169
f 1.017 m 1.014 m
deff 628 μm 182 μm
dl 0.154 μm 0.177 μm
ΔE/E 10−4 10−4
dΔE 0.126 μm 0.036 μm
dl,ΔE 0.199 μm 0.181 μm
deff [min(dl,ΔE)] 794 μm 458 μm
ΔE/E 10−2 10−2
dΔE 12.560 μm 3.646 μm
dl,ΔE 12.561 μm 3.650 μm
deff [min(dl,ΔE)] 79 μm 46 μm
Table 4.2: Values for the lateral resolution dl, the blur due to chromatic aberration dΔE , and
the resulting size of the focal spot dl,ΔE .
in the monochromatic beam, and, in ﬁrst approximation, also for beryllium lenses in the
monochromatic beam. In the pink beam the widening of the focal spot by chromatic
aberration is much larger than the Airy disc. Therefore, for the use of lenses in the pink
beam the resolution is limited by the chromatic aberration and not by the diﬀraction as
for the use in the monochromatized beam. As dl decreases with increasing deff , and dΔE
increases with increasing deff , equation 4.31 has a minimum for
deff [min(dl,ΔE)] =
√
λLOL
2 ΔE
E
≈
√
λ f
2 ΔE
E
. (4.32)
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For an experiment with given parameters λ, f , and ΔE
E
we can therefore have 3 diﬀerent
cases:
deff < deff [min(dl,ΔE)], the resolution is mainly limited by diﬀraction,
deff = deff [min(dl,ΔE)], contributions from diﬀraction and chromatic aberration to the
limitation of resolution are equal,
deff > deff [min(dl,ΔE)], the resolution is mainly limited by chromatic aberration.
In the last case we have the strange situation that we could enhance the resolution by
decreasing the eﬀective aperture of the lens by means of an additional pinhole. In table 4.2
on page 56 the boundary deff [min(dl,ΔE)] between resolution mainly limited by diﬀraction
and resolution mainly limited by chromatic aberration is also shown.
4.3.7 Surface Roughness
In all interference phenomena statistical ﬂuctuations in the form or position of the scatterers
in a regular array lead to a blur of the interference pattern. As an example, surface
roughness of parabolic refractive lenses generates a blur in the image. Therefore, it has an
eﬀect on the lateral resolution similar to absorption μNR in the transmission parameter
ap (see equation 4.19) . When surface roughness is taken into account ap reads
ap = (μNR + 2NQ
2
◦σ
2)
R2◦
2R2
. (4.33)
Here Q◦ = 2πδ/λ and σ is the root mean square roughness of the surface (see section 3.1.4) .
Since the roughness of diﬀerent lenses is not correlated only the number N of lenses in the
stack enters and not N2 . Table 4.3 on page 57 shows a few typical values for μNR and
2NQ2◦σ
2 . From this table it is obvious that surface roughness plays only a minor role in
lens μNR 2NQ2◦σ
2
Al, E=30 keV, N=169, R=0.2 mm 10.2
σ = 500 A˚ 7·10−3
σ = 1000 A˚ 28·10−3
σ = 1.9 μm 10.2
Be, E=10 keV, N=29, R=0.2 mm 0.7
σ = 500 A˚ 4·10−3
σ = 1000 A˚ 17·10−3
σ = 0.6 μm 0.7
Table 4.3: The inﬂuence surface roughness σ on the blur of an x-ray image.
the blur of an x-ray image of cPRXL, as long as σ < 0.1 μm. This is easily realized by the
procedure how our lenses are manufactured.
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It is noteworthy that refractive x-ray lenses are much less sensitive to surface roughness
than are x-ray mirrors. Indeed, surface roughness of high quality mirrors must be kept
in the A˚ngstro¨m range, whereas lenses are not deteriorated in performance before the
roughness does not exceed 103 A˚ . This diﬀerence can be understood in the following
way: Roughness aﬀects the interference proﬁle by a gaussian exp (−Q2σ2), where Q is
the momentum transfer at the interface. For a mirror with an angle of total reﬂection
θC ≈ 0.15◦ and λ = 1A˚ the momentum transfer is Q = 2(2π/λ) sin θC = 3.3·10−2 A˚−1 .
For a beryllium cPRXL with 29 single lenses at the same energy Q = Q◦ = (2π/λ)δ =
7.5·10−5 A˚−1 . Hence the much smaller momentum transfer in a lens allows for a much
larger surface roughness σ by about a factor 103 .
4.4 Lens Material Requirements
In the previous section on transmission (section 4.3.3) we have seen that the mass absorp-
tion coeﬃcient μ/ρ is a vital parameter in lens design. The mass absorption coeﬃcient
should be as small as possible for increasing the transmission of the lens, for increasing the
ﬁeld of view, and for increasing the lateral resolution. As a consequence only low Z ele-
ments should be used as lens material. However it should be noted that there are additional
requirements on an optimized lens material.
Low absorption, as shown above (see ﬁgures 3.4 and 5.1).
Small angle scattering: Inhomogeneities in matter (density variations or composition
ﬂuctuations) lead to small angle x-ray scattering (SAXS). The photons scattered are delete-
rious in a double way: Firstly, they do not contribute to the image formation, and, secondly
they do contribute to a background. Both processes decrease the contrast achievable in the
image. Material with much inhomogeneities should therefore not be used for x-ray lenses,
as frosted glass should not be used for glasses. Unfortunately these inhomogeneities are
not an inherent characteristic of the elements that form the material, but are a fabrication
attribute of the bulk material. Thus the amount of inhomogeneities has to be evaluated
through SAXS for each producer and quality, sometimes even for diﬀerent batches from
the same producer. In table 4.4 on page 59 is shown a summary of the SAXS data of
materials with low Z, thought to be suitable for refractive x-ray lenses. These data were
recorded together with J. Tu¨mmler at the JUSIFA (Ju¨lich’s User-dedicated Small-angle
Scattering Facility) beamline at Hasylab [Haubold89] and ﬁrst published in [Tu¨mmler00].
The values listed are the scattering cross section dσ/dΩ at K = 10−2A˚−1 and the inte-
grated scattering cross section
∫
dK 2πK dσ/dΩ. The integration is carried out between
Kmin = 10
−2A˚−1 and Kmax = 10−1A˚−1. In ﬁgures 4.14, 4.15, and 4.16 the SAXS data for
some of the materials are shown.
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Material dσ/dΩ at K = 10−2 A˚−1
∫ 0.1 A˚−1
0.01 A˚
−1 2πK dσ/dΩdK Stable in
[σTh/nm3] [σTh/(nm3 A˚2)] x-ray beam
LiF single crystal 9.0·104 34 No*
Be single crystal 5.0·104 21 Yes
Be IF-1 9.5·104 36 Yes
Be PF-60 237.8·104 787 Yes
Be Mateck 47.1·104 136 Yes
Be IFF 12.4·104 130 Yes
Be Accel 1 383.0·104 2 103 Yes
B Stark K1 20.0·104 81 Yes
B Stark KT1 100.9·104 347 Yes
B4C 806.7·104 3 113 Yes
B2O3 126.5·104 655 Yes
BN Henze 6 766.0·104 19 915 Yes
Glassy C Sigradur G 40.6·104 9 710 Yes
Glassy C Sigradur K 4.6·104 1 838 Yes
Glassy C Alfa Type 1 64.6·104 3 207 Yes
Glassy C Alfa Type 2 94.3·104 14 774 Yes
Pyro C AVC 199.5·104 2 782 Yes
Pyro C KFA 117.7·104 1 416 Yes
Ringsdorf 9 508.0·104 49 056 Yes
SGL 8650R 8 194.0·104 38 069 Yes
SGL 8710R 6 642.0·104 31 251 Yes
SGL FLM 9655.0·104 30 574 Yes
Diamond 13.7·104 35 Yes
PC (C16H14O3) 0.8·104 13 No
PEEK (C19H12O3) 28.2·104 564 No*
PI (C22H10N2O5) 210.1·104 1 345 No
PMMA (C6H8O2) 1.2·104 17 No
POM (CH2O) 20.5·104 1 827 No
PS (C8H8) 83.5·104 375 No
PTFE (CF2) 768.6·104 3 325 No
SiC 669.8·104 3 433 Yes
Mg 99.99% 134.3·104 577 Yes
MgO single crystal 39.9·104 148 No*
Al 99.999% 89.9·104 535 Yes
Al2O3 single crystal 1.7·104 19 Yes
Table 4.4: SAXS data and stability in the x-ray beam of some materials being considered as
possible lens materials. * colour changes, no cracks visible. The data were recorded
together with J. Tu¨mmler at the JUSIFA beamline at Hasylab and ﬁrst published
in [Tu¨mmler00].
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Figure 4.14: SAXS data of materials with low Z, thought to be suitable for refractive x-ray
lenses (courtesy of J. Tu¨mmler).
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Figure 4.15: SAXS data of diﬀerent carbon modiﬁcations, thought to be suitable for refractive
x-ray lenses. These data were recorded together with J. Tu¨mmler at the JUSIFA
beamline of the Hasylab.
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Figure 4.16: SAXS data of diﬀerent synthetics, thought to be suitable for refractive x-ray lenses
(courtesy of J. Tu¨mmler).
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Resistance to the x-ray beam: Here two aspects are important, especially for the use
of the lenses in the beam of a synchrotron:
• The x-ray radiation can ionize matter. In order to replace the knocked out electrons,
the lens material should not be an insulator.
• The radiation absorbed in the lens will heat up the lens material. Thus, the lens
material must be suﬃciently resistant to higher temperatures. For aluminium lenses
used in the white beam of one undulator (≈30 W) at ID22 (ESRF) a temperature
of ≈ 130◦C has been measured [Richwin98], see ﬁgure 4.17 . The author reports that
the lenses were not damaged during the test. For beryllium lenses we have measured
a temperature of the lenses of ≈ 65◦C in the white beam (E = 13, 35 keV) of three
undulators (≈100 W) at ID 10 (ESRF). Here, the temperature was measured at three
diﬀerent points (ﬁrst lens, 6th lens and 12th lens) showing no signiﬁcant diﬀerence
between the points. The highest temperature proﬁle is shown in ﬁgure 4.18 . After
the test (67 hours), the ﬁrst lens showed a patina mainly composed of carbon, but
no damage.
Mechanical workability: Aluminium and beryllium lenses are manufactured ba an
stamping technique. Two pistons with protrusions in form of paraboloids of rotation
are pressed from both sides in a disc, 12 millimeters in diameter and 1 millimeter in
thickness. The distance d between the paraboloid tips varies from some micrometers for
aluminum lenses to 25 micrometers for beryllium lenses. Great attention must be paid to
the shape ﬁdelity of the paraboloids in order to avoid imaging errors. An accuracy well
below 1 micrometer is achieved. In order to allow this manufacturing process the lens
material has to be suﬃciently ductile.
Several material have been considered for the manufacturing of hard x-ray refractive
lenses. The above description lists the advantages and disadvantages for the diﬀerent
materials.
Aluminum in its pure form is ductile at room temperature, easy to manufacture, shows a
reasonably weak small angle scattering, and is stable in the beam. Furthermore the
oxidation of the surface is not a problem. Unfortunately it shows high absorption
below 20 keV. The good workability and availability (aluminium has wide spread
uses in industry) of aluminium have made it our ﬁrst choice.
Nickel is a material with high density, high ductility in its pure form, and good workability.
It resists the beam and it has no problems regarding oxidation. But, with Z = 28
it is even more absorptive than aluminium. Nevertheless for high photon energies
(above 80 keV) nickel has proven to be a useful lens material [Gerhardus01].
Beryllium is often used for x-ray windows due to its good transmission, weak small angle
scattering, stability in the beam, and its mechanical stability. These qualities make
beryllium to a very interesting material for parabolic refractive x-ray lenses. Un-
fortunately, beryllium is not ductile at room temperature and involves some safety
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measures when machined or exposed to x-ray radiation (see section 4.5), both prop-
erties which have made the fabrication of beryllium lenses diﬃcult, but the problems
have been solved. Here, special thanks for her indefatigable eﬀorts are due to my
colleague M. Kuhlmann [Kuhlmann04].
Synthetics do not withstand the beam. But, as synthetics have a widespread industrial
use, the production of lenses, even with the required precision, would be cheap, for
instance by injection moulding. First test with polycarbonate cPRXL have shown
their ability to focus an x-ray beam, but they deteriorated in the monochromatized
synchrotron radiation on a time scale of some minutes, and hence, synthetics are not
useful as lens material.
Lithium is very corrosive and can therefore only be handled and machined in an oxygen
free environment. Nevertheless lithium lenses for x-rays have been made [Pereira01].
Boron shows weak small angle scattering and is stable in the beam. Unfortunately it is
extremely hard, and therefore not easily machinable. However it is possible to etch
boron, but etching is not a suitable technique to form paraboloidal holes in a piece
of matter.
B4C shows a tremendous small angle scattering, probably because boron carbide bulk
material is usually sintered from powder. Like boron it is extremely hard, but it can
be processed by spark erosion. Tests have shown that the blur due to SAXS is by far
to large to make it a useful lens material.
Carbon is stable in the beam. The small angle scattering behavior and the machinability
depend on the modiﬁcation. Diamond would be a good candidate, but it is even
harder than boron and boron carbide, and therefore not easy to machine. Glassy
carbon shows a very large small angle scattering and has, therefore, been discarded
as lens material.
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Figure 4.17: Test of aluminum cPRXL in the white beam of one undulator (≈30 W) at the
ID22 (ESRF). Shown here is the temperature of the ﬁrst lens measured approxi-
matively 2 millimeters from the lens center [Richwin98].
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Figure 4.18: Test of beryllium cPRXL in the white beam of three undulators (≈100 W) at the
ID 10 (ESRF). Shown here is the temperature of the lens measured approxima-
tively 1.5 millimeters from the lens center.
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4.5 Housing and Holder for Lenses
To align the optical axes of the N individual lenses in a stack within the micrometer range,
we used the following way:
1. the individual lenses are housed in a metallic (bronze) disc which has a thickness
of 1 millimeter and a diameter of 12 millimeter (see ﬁgure 4.19) with a precision of
±1 μm. This precision must be achieved for all lenses.
2. the N lenses are stacked on 2 high precision shafts which are parallel to one another
and to the optical axis (see ﬁgures 4.19 and 4.20).
Modern CNC machines allow for the needed precision of 1 micrometer. Further details
are found in [Lengeler99] . Figure 4.19 shows some lenses in their disc housings in a holder
with the alignment shafts. To prevent the lenses from falling over, free space on the shafts
is ﬁlled with spacers, consisting of empty housing discs of diﬀerent thickness.
For aluminium lenses these holders are suﬃcient. But for beryllium as lens material one
has to take precautionary measures, as beryllium-oxide (color: white) can induce a chronic
pulmonary disease called berylliosis. Beryllium is however not carcinogenic as sometimes
claimed. At ordinary temperatures beryllium resists oxidation in air, therefore, beryllium
lenses can be handled safely, but with due caution. As x-ray radiation can ionize oxygen
by its passage through air, the particulary aggressive ozone is formed, which can oxidize
beryllium. Thus, beryllium lenses should be used only in oxygen free environments. This
is achieved by using lens holders which can be evacuated or ﬂushed with an inert gas like
helium or nitrogen. Figure 4.20 shows such a holder.
Another issue for beryllium lenses is the transmission. The lens is indented in an
aluminium or beryllium disc which is, for easier machining, larger than the geometric
aperture. In aluminium cPRXL there is no transmission of photons through the outer
parts of the aluminium discs not belonging to the parabolic lenses, as aluminum shows
a high absorption. This is not necessary true for beryllium lenses. Therefore we use
palladium pinholes of the size of the geometric aperture at the ends of a beryllium lens
stack to absorb radiation that passes through the beryllium disc outside of the lens. The
pinholes are also housed in bronze discs and aligned on the shafts.
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optical axis
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Figure 4.19: Aluminium lenses in their bronze housing discs (left), and aligned in a holder
without spacers, hold down and cover (right).
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Figure 4.20: Air tight lens holder with beryllium lenses, one spacer, a palladium pinhole, a hold
down, the cover and inert gas connectors.
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Chapter 5
Imaging with Parabolic Refractive
X-Ray Lenses (PRXL)
5.1 Absorption and Phase Contrast
When an object is illuminated by coherent light, there are two eﬀects generating a contrast
for image formation:
• The absorption contrast is formed by absorption of photons during their passage
through the matter of the object. If a detector is placed just behind the object, a
two dimensional projection of the absorption in the object will be recorded, showing
high photon ﬂux at places where the absorption is low, and vice versa. This is well
known from radiographs in medicine. The absorption depends on the mass absorption
coeﬃcient of the matter for the given photon energy (see section 3.1.3), the density
of the matter and its thickness (see Lambert-Beer’s law, equation 3.8).
• The phase contrast is formed by the interference of the probability amplitudes
of diﬀerent alternatives for a photon to reach a speciﬁc point on the detector. The
diﬀerent alternatives become possible by diﬀraction of the incident light at inhomo-
geneities. As the diﬀraction of x-rays is weak, the detector has to be placed far
enough behind the object to ensure that many possible alternatives for a photon to
reach a speciﬁc detector point become possible. As the number of possible alterna-
tives will increase with the distance of the detector to the object, the interference
pattern, which forms the phase contrast image, will also change.
The importance of the phase contrast can be understood when one compares the refractive
decrement δ (phase contrast) and the photon absorption as done in ﬁgure 5.1. While both,
δ/ρ and β/ρ, decrease with increasing photon energy, in the hard x-ray regime the refractive
decrement δ/ρ is several orders of magnitude larger than the absorption β/ρ. Furthermore,
the eﬀect is accentuated for low Z elements, as shown for beryllium (Z = 4) and nickel
(Z = 28). In ﬁgure 5.2 the consequences of the decreased absorption are illustrated: the
calculations show the absorption contrast, and the phase contrast of a 10 millimeters carbon
69
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Figure 5.1: Comparison of the energy dependence of the refractive decrement and the photon
absorption, both with normalized density, e.g. for beryllium and nickel.
(a) absorption contrast (b) phase contrast
10 µm10 µm
Figure 5.2: Calculated contrast of a carbon sphere (10 μm diameter) illuminated by a point
source (distance 1 m) with E = 20 keV. The detector plane in ﬁgure (a) is just
behind the object, in ﬁgure (b) it is 10 mm behind the carbon sphere (courtesy of
C. G. Schroer).
sphere illuminated by 20 keV photons with a source to object distance LSO of 1 meter.
In ﬁgure (a) the detector is placed right behind the object. Only absorption contrast
contributes to the image. However, at 20 keV a carbon sphere of 10 micrometers diameter
is practically transparent. So, we do not see any image at all. In ﬁgure (b) the detector
is located 10 millimeters behind the sphere. Here phase contrast becomes visible. It is
particularly strong at the rim of the sphere showing up as many diﬀraction fringes. It is
obvious that phase contrast is much more sensitive than absorption contrast. However, an
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image detected in phase contrast is much harder to interpret. Even for the simple model
of a sphere the geometry of the object is not directly deducible from the image, as one
can see if one tries to determine the diameter of the sphere from the phase contrast image.
For more complicated objects even their shape is not directly deducible. Furthermore, the
phase contrast images depends on the distance between the object and the detector.
Thus, by coherent illumination of an object both, absorption and phase contrast can
occur, depending on the type of material, on its thickness, and on the position of the
detector. While the absorption image is a projection of the attenuation of the x-rays in the
object, the phase image is not directly interpretable. To evaluate the information gained
by the phase image one has to calculate the Fresnel propagation or the Fraunhofer
propagation using a model of the object, then compare the calculated image with the
recorded one, adjust the model, and repeat the procedure, until the images are identical.
Later on a combination of magniﬁed imaging with tomography, and the use of de-
magnifying setups for lithography will be presented. For these experiments an absorption
contrast image is required: in standard tomography the information gained from phase
contrast can not be directly interpreted. In lithography the mask is imaged on the sample.
A blur of the shape of the mask due to fringes is not wanted, as it decreases the achiev-
able resolution. Therefore, a tool for the suppression of phase contrast has been realized
(see section 5.3). To understand how it works, the inﬂuence of coherence is reviewed in
section 5.2 .
However, it should be noted that a weak phase contrast, just highlighting the edges of
small and nearly transparent objects can be helpful, even for tomography and lithography.
In ﬁgure 5.3 is shown such a phase enhanced x-ray image, depicting the head of an insect
500 µm
Figure 5.3: Phase enhanced x-ray image of the head of an insect (E=23.3 keV, dl = 3.0 μm).
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recorded at 23.3 keV at the ID22 (ESRF) with a lateral resolution of dl = 3.0 micrometers.
The detail highlighted by a white rectangle is shown in ﬁgure 5.11(a).
5.2 Coherence Lengths
Imaging in phase contrast implies a coherent illumination of the object, to make interference
observable. In order to specify the argumentation we have to introduce the concept of
coherence lengths. The setup source-object-detector is characterized by three coherence
lengths: the longitudinal coherence length and two transversal coherence lengths.
5.2.1 The longitudinal coherence length
The longitudinal coherence length ll is given by:
ll =
λ2
πΔλ
=
λ
π
(
Δλ
λ
)−1
=
λ
π
(
ΔE
E
)−1
, (5.1)
where λ is the wavelength of the photons and 2Δλ is the FWHM of the spectral width.
The last form of this equation is the most handy one since the energy bandwidth ΔE
E
and
the wavelength λ or the energy E (see equation 2.1) are known experimental parameters.
The longitudinal coherence length ll is a measure of the monochromaticity of the radia-
tion. It is measured typically in a Michelson interferometer (ﬁgure 5.4): an interference
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Figure 5.4: Michelson interferometer as typically used for the measurement of the longitudi-
nal coherence length ll.
pattern can be seen in the detector, provided the diﬀerence in optical path length d be-
tween the two possible alternatives, via mirror 1 or via mirror 2, for the photons is smaller
than the longitudinal coherence length ll. It implies that the phase of the electromagnetic
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ﬁeld is well deﬁned over distances smaller then ll or over times smaller than τ◦ = llc◦ (see
ﬁgure 5.5).
E(t)
t
o
Figure 5.5: Temporal coherence length τ◦ = llc◦ of a chaotic light source.
The small wave length of x-rays makes the longitudinal coherence length ll rather small.
Therefore, experiments in which interference should be observed need monochromatic ra-
diation. Also, as parabolic refractive x-ray lenses are subject to chromatic aberration,
the bandwidth of the x-ray radiation used for most experiments shown in this work was
restricted using a monochromator or at least ﬁlters to select one undulator harmonic. An
undulator harmonic has an energy or wavelength spread Δλ
λ
= ΔE
E
of order 10−2 . Typical
values for the monochromaticity of light which has passed through a high quality silicon
double monochromator are ΔE
E
= 10−4 . Even in that case ll is below 1 micrometer, as can
be seen in table 5.1 on page 74 . It implies that the diﬀerence in optical paths must be
much smaller than 1 micrometer, if one would like to observe interference.
5.2.2 The transversal coherence lengths
Transverse coherence is best explained by means of a Young double slit interferometer
(see ﬁgure 5.6). For a given source size (2b = FWHM), a given distance L, and a given
wavelength λ, the interference pattern of the two source points at 0 and b are not substan-
tially smeared out as long as the slit distance d is much smaller then the lateral coherence
length
lt =
Lλ
π b
. (5.2)
Since the source is not necessarily circular in size (as e.g. at undulator sources), there
are two values for the lateral coherence length, called lt and lT for the horizontal and
vertical transversal coherence length respectively.
5.2.3 Coherence Lengths at ID22
Obviously the coherence lengths are parameters depending on the monochromator (longi-
tudinal coherence length), on the source size and the experimental setup (source to object
distance).
At the beamline ID22 of the ESRF, where most of our experiments were done, the
monochromator has a typical bandwidth of ΔE/E = 10−4 and the source has a size
(FWHM) of approximatively 700μm x 30μm in horizontal and vertical direction, respec-
tively. Working distances at ID22 (ﬁgure 3.15) are 41 meters in the experiments hutch 1
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Figure 5.6: Young double slit interferometer.
(EH1) and 66 meters at the tomography setup in the experiments hutch 2 (EH2). In ta-
ble 5.1 on page 74 some values of the coherence lengths for typical experimental conditions
at beamline ID22 are listed. Every optical component in the beam, e.g. the mirror or the
working distance L energy lt lT ll
m keV μm μm μm
41 10 2.31 53.90 0.39
41 30 0.77 17.97 0.13
66 10 3.72 86.76 0.39
66 30 1.24 28.92 0.13
Table 5.1: Theoretical values of the coherence lengths at the beamline ID22 (ΔEE = 10
−4).
windows, may produce perturbations and may reduce partially the coherence.
An example for the inﬂuence of the phase contrast is shown in ﬁgure 5.7 : a magniﬁed
image of a mesh has been taken in the EH1 (ID22, ESRF) using a microscope setup with
12 keV photons. The object, a nickel mesh with a period of 12.7 micrometers, was placed at
a distance of 40.86 meters from the source. The PRXL (Beryllium, N = 91, R ≈ 210μm)
was 534 millimeters behind the mesh, and the detector (high resolution ﬁlm) 5.43 meters
behind the lens. The exposure time was 1 minute. In ﬁgure 5.7(a) one can clearly see the
inﬂuence of the coherence: the interference pattern of the edges overlaps with the image
formed by the absorption contrast. The result is an image which seems to be blurred.
Figure 5.7(b) shows the same object in the same experimental setup, but without phase
contrast. This has been achieved using a diﬀuser (1 millimeter thick layer of boron carbide
powder placed 82 centimeters before the mesh, for further details see section 5.3) to destroy
the coherent illumination of the mesh.
It is obvious that the details in the object are recognized more easily in the ﬁgure with-
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(a) (b)
Figure 5.7: Coherent (a) and incoherent (b) image of a nickel mesh. The mesh has a period of
1/2000 inch = 12.7 μm. Imaging parameters: E = 12 keV, working distance (source
to object) LSO ≈ 41 m , M = LLI/LOL = 5.43 m/534 mm= 10.17, N = 91
beryllium lenses, R ≈ 210 μm.
out coherent illumination. However, the fringes in the image with coherent illumination
contain more information although it needs more eﬀort to extract it. Therefore, a more
straight forward approach in imaging uses an incoherent illumination provided the absorp-
tion contrast (see section 5.1) is strong enough to generate an image. This is achieved by
the diﬀuser described in the section 5.3.
5.3 Diﬀuser
The task is to reduce the coherence lengths. The simplest way to achieve this is to put
inhomogeneous matter in the beam path and to move it. The inhomogeneous matter in
the beam path has several eﬀects:
• the x-ray radiation is scattered at inhomogeneities. This leads to distortions of the
phase front and to a larger angular divergence of the x-ray beam. The larger diver-
gence of the beam illuminating the object increases the ﬁeld of view of a microscope
as it opens new alternatives for photons from outer parts of the object to reach the
image plane through the eﬀective aperture of the parabolic refractive x-ray lens.
The scattering at the borders of inhomogeneities is also used to determine the size,
type, and distribution of these inhomogeneities in the Small Angle X-ray Scattering
technique (SAXS).
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• x-ray radiation is absorbed thus attenuating the usable ﬂux of the x-ray radiation.
The absorption can be minimized by selecting a material with low Z.
• the ﬂuctuations of the refractive index lead to diﬀerent optical path length for adja-
cent x-ray beams, and therefore to a phase shift. The coherent phase of the incident
beam is destroyed which decreases the longitudinal coherence length llong. This eﬀect
is very small as an example shows: the diﬀerence Δl of the optical path lengths for
one beam going through matter of thickness d, and the other not, is
Δl = c◦Δt = c◦
(
d
c◦
− d
c
)
= c◦
(
d
c◦
− d n
c◦
)
= d δ . (5.3)
If we consider a boron carbide powder with a grain size of about 1 micrometer at
12.4 keV and suggest that the diﬀerence between two adjacent path is one boron
carbide powder grain then the diﬀerence of the optical path lengths is approximatively
3·10−12 meters. This is about 6 orders of magnitude smaller than the longitudinal
coherence length (table 5.1 on page 74) . To obtain a diﬀerence in the optical path
lengths comparable to the longitudinal coherence length, material thicknesses of one
meter would be necessary and those would obscure the beam. Therefore, this eﬀect
is negligible here.
When the small angle x-ray scattering is strong we can consider the diﬀuser as a new,
secondary source. The distance between this secondary source and the object is much
smaller than the distance between the original x-ray source and the object, thus the new
lateral coherence length is strongly reduced (see equation 5.2). Since the illuminated area
of the object is now much larger than the coherence area, we expect a strong conﬁgurational
average which washes out interference eﬀects. A rotation of the diﬀuser makes it even a
better secondary source. In principle, this could also be achieved by a thicker diﬀuser.
However, in order not to decrease too much the x-ray transmission of the diﬀuser, it is
more favorable to rotate the diﬀuser rather than making it thicker. A typical thickness of
a boron carbide diﬀuser was 2.5 millimeters at 25 keV. The inﬂuence of the diﬀuser on the
image is clearly demonstrated in ﬁgure 5.7 . Other examples showing the inﬂuence of the
diﬀusor in lithographic demagniﬁcation are shown in ﬁgures 5.19 and 5.17 .
5.3.1 Technical Details
In our experiments the diﬀuser is mounted on a rotating disc. The rotation axis is parallel
to the beam displaced by about 15 millimeters oﬀ center. The disc is clamped on a ball
bearing and rotated by means of a small electric motor through a belt. The complete
sketch can be seen in ﬁgure 5.8.
5.3.2 Choice of the Diﬀuser Material
Several diﬀerent materials were taken into account as suitable diﬀuser material: balsa
wood, glassy carbon, boron powder, and boron-carbide powder. The eﬃciency of the dif-
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Figure 5.8: Technical drawing of the diﬀuser.
ferent materials was tested. For this purpose a lithography setup in the EH2 (ID22, ESRF)
was used to demagnify an object, here a gold mask depicting a Hall bar, as one can see in
picture 5.9(a). The photon energy was 25 keV. The gold mask was placed at 59.81 meters
from the source. The PRXL (Aluminium, N = 120, R ≈ 200μm) was 3620 millime-
ters behind the object, and the detector, a FReLoN 2000 CCD camera [Labiche96], was
1270 millimeters behind the lens. The diﬀerent diﬀusers were placed 175 millimeters before
the object. The enlargement of the ﬁeld of view is taken into account for estimating the ef-
fect of the diﬀuser. The results are shown in ﬁgure 5.9 . The exposure time was 10 seconds.
It can be seen that the eﬀect of 1 millimeter glassy carbon (Alfa ÆSAR, glassy carbon
plate, 1 millimeter thick, type 1, lot l10H54) is negligible. The only noticeable eﬀect is an
increased absorption. The balsa wood (6 millimeters) shows an slightly improved ﬁeld of
view.
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(f) 5 mm B C-powder.4(e) 2.5 mm B C-powder.4
(c) 1 mm glassy carbon. (d) 6 mm balsa wood.
(b) Without diffuser.(a) Object: gold mask.
Figure 5.9: Comparison of diﬀerent diﬀuser materials: lithographic demagniﬁcation M =
LLI/LOL = 1270 mm/3620 mm= (2.85)−1 of a gold mask (a) without diﬀuser
(b) and with diﬀerent diﬀuser materials (c)–(f), as labeled.
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With boron carbide powder (Alfa ÆSAR, 99.7% metals basis, diameter 1–7 μm, lot
D11K23) this eﬀect is really pronounced. Therefore, we have tested boron carbide powder
diﬀusers with diﬀerent thicknesses. Images taken with 2.5 millimeters and 5 millimeters
B4C diﬀusers are shown here. In table 5.2 on page 79 the spot diameter, the increased
ﬁeld of view, and the transmission for the diﬀerent materials are shown, all relative to the
values without diﬀuser.
diﬀuser spot diameter ﬁeld of view transmission
material, thickness relative length relative area %
none 1 1 100
glassy carbon, 1.0 mm 1 1 82
balsa wood, 6.0 mm 1.2 1.44 93
boron carbide, 2.5 mm 2.36 5.57 78
boron carbide, 5.0 mm 3.64 13.25 61
Table 5.2: Eﬃciency of diﬀerent diﬀuser materials measured by their ability to increase the
ﬁeld of view and by their absorption. The photon energy was 25 keV.
(b) (c)(a)
100 µm
Figure 5.10: Magniﬁed images of a piece of manganese-oxide ceramic. The piece of ceramic is
(barely) visible between the horizontal lines (scintillator edges) near the upper and
lower image edge. The dark shadow near the bottom is the top of the needle, to
which the ceramic piece is glued. The images are here shown to compare boron
and boron carbide powder as diﬀuser materials: (a) 5.0 mm boron carbide powder,
no phase contrast, pure absorption contrast. As the ceramic is a weak absorber,
it is not visible in the image. (b) 2.5 mm boron carbide powder, weak phase con-
trast highlighting the granular structure of the ceramic. (c) 5.0 mm boron powder,
strong phase contrast blurring the image.
80 CHAPTER 5. IMAGING WITH PRXL
Later tests also include very ﬁne boron powder (Alfa ÆSAR, amorphous, 99+%, di-
ameter < 1 μm, lot B1442031). Here, the suitability of the diﬀuser material was judged
by its ability to prevent phase contrast in an magnifying image setup. This setup in EH1
and EH2 (ID22, ESRF) consisted of a PXRL (Aluminium, N = 42, R ≈ 200μm) placed
at a distance of 42.4 meters from the source with an object, a piece of manganese-oxide
ceramic, 207 centimeters before the lens and a CCD camera (FReLoN 2000) 2202,5 cen-
timeters after the lens. Thus, the magniﬁcation achieved was M = LLI/LOL = 10.64 .
The diﬀuser was placed 25 centimeters before the object, the energy was 20.075 keV. The
magniﬁed images of the ceramic are shown in ﬁgure 5.10. For the images shown here the
exposure time was 60 seconds. The lines at the bottom and the top of the images are the
edges of the scintillator. The half arc at the bottom of the images is the tip of a needle to
which the ceramic is glued. The manganese-oxide ceramic can be seen as an accumulation
of inhomogeneities. Since the absorption in the object is very poor, the contrast due to
absorption is weak. This can be seen in ﬁgure 5.10(a) where the diﬀuser (5.0 millimeters
boron carbide powder) destroys the coherence nearly completely. The use of a thinner dif-
fuser (2.5 millimeters boron carbide powder) leads to an image formed by absorption and
phase contrast (ﬁgure 5.10(b)). The inﬂuence of the phase highlights the grains forming the
ceramic, without blurring the image. The image formed behind a diﬀuser of 5.0 millime-
ters boron powder is dominated by phase contrast (ﬁgure 5.10(c)), and therefore blurred.
Obviously the ﬁne boron powder is not suitable for the use in a diﬀuser. The most eﬃcient
diﬀuser material is the boron carbide powder. The aim of this experiment was to see if
the ceramic has some internal structure, but even the best image (ﬁgure 5.10(b)) shows no
signiﬁcant structure in the ceramic.
Unfortunately, the absorption and, more critical, the spread of the photons over a larger
ﬁeld, have to be considered: using the 5 millimeters boron carbide diﬀuser in this geometry
drops the average number of photons per time and per surface by a factor of 22 .
Note that the above consideration has been made for photon energies of 20 keV to
25 keV. As the interaction between x-rays and matter decreases with increasing photon
energy, diﬀusers have to be thicker at higher photon energies and vice versa. Hence, the
appropriate thickness of the boron carbide diﬀuser has to be chosen for each experimen-
tal setup. It has proven useful to have several combinable diﬀusers. Therefore, among
others, several boron carbide diﬀusers with thicknesses of 0.5 millimeter, 1.0 millimeter,
2.5 millimeters, and 5.0 millimeters have been made. We have used boron carbide powder
diﬀusers from 5 millimeter thickness (above 25 keV) to 0.5 millimeter thickness (at about
12 keV). Below 12 keV boron carbide powder is not longer a good choice. At these low
photon energies we have successfully used carton sheets. Balsa wood may also be of interest
below 15 keV, but has not been tested yet.
As already mentioned, a weak phase contrast, just highlighting the edges of small and
nearly transparent objects can be helpful, even for tomography or lithography. To achieve
this without blurring the image, the remaining coherence length has to be of the size of
the lateral resolution in the speciﬁc imaging experiment, or slightly smaller. Thus, a good
choice of a diﬀuser (material, thickness) is not only dependent of the object illumination
properties but also of the properties of the imaging and detecting setup.
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5.4 X-Ray Microscope
The lateral resolution dl achievable in direct x-ray imaging (parallel projection) is restricted
by the detector system. The FReLoN 2000 used at the ID22 (ESRF) consists of a scin-
tillator which transforms the x-ray radiation into visible light, which then is magniﬁed
by a visible light microscope and recorded with a CCD chip of 2048 x 2048 pixels. The
physical pixel size is 14 micrometers, the visible light microscope can have diﬀerent magni-
ﬁcations (4x, 10x, 20x, and 40x), resulting in an eﬀective pixels size of 3.5 micrometers to
0.35 micrometers. However, the resolution of the detector system is not determined only
by the eﬀective pixel size. The scintillator spreads a point of x-ray radiation into a disc of
visible light. This point spread increases with increasing scintillator thickness. Unfortu-
nately the scintillator becomes more eﬀective in its transformation of x-ray radiation into
visible light with increasing thickness. So we have here two concurring interests: a small
point spread function versus a high detection eﬃciency. Typical scintillators used have a
thickness of 5 to 20 micrometers, with point spreads of slightly below 1 to 10 micrometers,
respectively. The achievable pixel size is the convolution of the eﬀective pixel size and the
point spread due to the scintillator, resulting in an achievable resolution of approximatively
1 micrometer [Koch98] . A more detailed discussion of a CCD detection system in general
can be found in [Patommel03]. A detailed discussion of the FReLoN 2000 detector system
as well as of some other beamline instruments used at the ID22 (ESRF) can be found in
[Weitkamp02].
To further improve the lateral resolution we have set up a microscope for hard x-rays.
A scheme of the setup is shown in ﬁgure 4.5 on page 45. To demonstrate the better
resolution of an x-ray microscope as compared to an projected image ﬁgure 5.11(a) shows
a detail of the insect head (see ﬁgure 5.3) with a lateral resolution of 3 micrometers,
whereas in ﬁgure 5.11(b) a magniﬁed image of the same detail with a lateral resolution
of 0.6 micrometers is shown. The last one is composed of 12 single images, as the image
was larger than the detector size. The magniﬁed images have been made at ID22 (ESRF)
with a photon energy of 14.4 keV and an aluminium cPRXL (R ≈ 200 μm, N = 80). The
magniﬁcation was M = LLI
LOL
= 22.62 m
1.299 m
= 17.5.
A special use of the x-ray microscope is the inspection of beamline optics. Here, the
object is an optical component, e.g. a mirror [Weitkamp02]. The inspection of beamline
optics by means of an x-ray microscope has two advantages: ﬁrstly, the beamline vacuum
has not to be broken and the components can stay in place. Secondly, the optics are
examined with the synchrotron radiation, giving direct access to their behavior in the
x-ray beam.
5.4.1 Lateral resolution
As discussed in section 4.3.4 the lateral resolution is limited by the small numerical aper-
ture, which is ultimately limited by the attenuation of the x-rays in the lens material.
Expected minimal lateral resolutions dl for aluminium objectives are below 500 nanome-
ters, and for beryllium objectives below 100 nanometers. In this section three exemplary
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dl= 3.0 µm(a)
100 µm
dl= 0.6 µm(b)
Figure 5.11: Demonstration of the better resolution of an x-ray microscope as compared to a
projected image: ﬁgure (a) shows a detail of the insect antenna (see ﬁgure 5.3)
with a lateral resolution of 3 micrometers, whereas in ﬁgure (b) is shown a magni-
ﬁed image of the same detail with a lateral resolution of 0.6 micrometers. Due to
an image size larger than the detector size, the last one is composed of 12 individ-
ual magniﬁed images.
results will be presented.
The ﬁrst example is an image of a Fresnel zone plate done with an aluminium ob-
jective. It is shown in ﬁgure 5.12. It was imaged at ID22 (ESRF) with a photon energy of
15µm
Figure 5.12: X-ray micrograph of a Fresnel zone plate with 169 gold zones on a Si3N4 sub-
strate. It was imaged at ID22 (ESRF) with a photon energy of 23.5 keV, an alu-
minium objective lens (N=62) and a magniﬁcation of M = LLILOL ≈12 . The outer-
most zone of width 300 nanometers is clearly resolved.
23.5 keV, an aluminium objective lens (N=62) and a magniﬁcation of M = LLI
LOL
≈12 . The
Fresnel zone plate consists of 169 gold zones on a Si3N4 substrate. The outermost zone
has a width of 300 nanometers. As shown in the ﬁgure, the outermost zone is resolved.
The result has been published in [Lengeler99] .
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The second example shown here is a comparison of the images of a test structure done
in projection (without magniﬁcation by means of a lens, see ﬁgure 5.13(a) ) with magniﬁed
images of the same object using an aluminum objective (ﬁgure 5.13(b) ), and a beryllium
objective (ﬁgure 5.13(c) ). The test structure consists of parallel gold stripes with a width of
(a) without magnification (b) aluminium lens ( =21)M
(c) beryllium lens ( =9.6)M
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Figure 5.13: Comparison of the images of a test structure done in projection (a) with magni-
ﬁed images of the same object using an aluminum objective (b), and a beryllium
objective (c). A lateral resolution of 145 nm has been determined by line proﬁle
analysis (courtesy of C. G. Schroer).
1 micrometer, a periodicity of 2 micrometers, and a thickness of 2 micrometers deposited
by electro plating on a silicon substrate. The test structure is not perfect, giving the
84 CHAPTER 5. IMAGING WITH PRXL
opportunity to observe details on a sub-micrometer range. The images have been recorded
at the ID22 (ESRF) using the FReLoN 2000 detector system described above. The x-ray
projection radiograph shown in ﬁgure 5.13(a) was done at 20 keV. The corresponding x-ray
micrograph shown in ﬁgure 5.13(b) was magniﬁed by means of an aluminium objective by
a factor of M=21 . The last x-ray micrograph (ﬁgure 5.13(c) ) was magniﬁed by means
of a beryllium objective (N=91) at 12 keV with a factor of magniﬁcation M=9.6 . This
last image was recorded during a later experiment. Some of the features visible in the ﬁrst
two images are damaged or even missing in the third one, e.g. in the upper right corner.
To determine the resolution, the intensity across a gold wire has been plotted versus its
position, as shown in ﬁgure 5.13 (left, bottom). This has been done for over 1000 such lines.
To change in intensity from 12% to 88% (FWHM of a Gaussian point spread function
of the optical system) reveals a resolution below 150 nanometers. After deconvolution
with the detector point spread (see equation 6.24) the resolution was determined to about
100 nanometers.
The third example (ﬁgure 5.14) shows a x-ray micrograph (a) of a microprocessor (AMD
Athlon XP2000). The x-ray micrograph is part of the data recorded for the magniﬁed
tomography shown in ﬁgure 6.14. A near ﬁeld projection of the highlighted detail is shown
in ﬁgure 5.14(b), and compared to the x-ray micrograph (c). Technical details: the sample
is a part (80μm x 80 μm x 1 mm) of an AMD Athlon XP2000 microprocessor. The
magniﬁed images have been recorded at 7ID (APS) with the detector system described
in [Patommel03], and the near ﬁeld projection at ID22 (ESRF) with a FReLoN 2000
detector. For the near ﬁeld projection a 3.5 micrometers LAG:Eu scintillator and a 20x
magniﬁcation of the visible light microscope were used, providing the best resolution of
the FReLoN 2000 detector system. The magniﬁed images have been done by means of a
beryllium objective lens (N=100) at 15 keV with an x-ray magniﬁcation M=25,23 . The
nominal spatial resolution with this x-ray microscope is dl=80 nanometers.
With the x-ray microscope we have achieved lateral spatial resolutions of 300 nanome-
ters with aluminium objective lenses and about 100 nanometers with beryllium objective
lenses (after deconvolution with the detector point spread, refer to ﬁgure 5.13 and equa-
tion 6.24). Both values are near the optimum achievable with perfect parabolic refractive
x-ray lenses with these lens materials, thus proving the good quality of the lenses. The
lateral spatial resolution of an x-ray microscope using cPRXL as objective is about a factor
10 better than a near ﬁeld projection without x-ray magniﬁcation.
5.4.2 Field of View
As discussed in section 4.3.5, the ﬁeld of view is mainly limited by the increasing absorption
in the outer parts of the lens. Thus, the ﬁeld of view of a beryllium lens is larger than that
of an aluminium lens, as the attenuation of hard x-rays in beryllium is weak, as compared
to the attenuation in aluminium. This is illustrated by the examples in ﬁgure 5.15: shown
here are the images of a nickel mesh (mesh2000). The aluminium lens (N=120) was
used at a photon energy of 25 keV, with a magniﬁcation of M = LLI
LOL
= 1098 mm
23.03 m
≈21
together with a 2.5 millimeters thick boron carbide diﬀuser. The beryllium lens (N=91)
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5 µm
(b)
5 µm
(c)
(a) 20 µm
Figure 5.14: X-ray micrograph of an AMD Athlon XP2000 microprocessor recorded at 15 keV
with a Be cPRXL (N=100). Figure (a) shows the whole magniﬁed image, and
ﬁgure (b) a near ﬁeld projection of the highlighted detail. In ﬁgure (c) the same
detail out of the magniﬁed image is shown for comparison. The high spatial reso-
lution makes the smallest structures of the microprocessor visible at the lower rim.
The x-ray micrograph is part of the data recorded for the magniﬁed tomography
shown in ﬁgure 6.14.
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Figure 5.15: Comparison of the ﬁeld of view of an aluminum lens (upper left corner) and of a
beryllium lens.
was used at a photon energy of 12 keV with a magniﬁcation of M = 9.6 . The ﬁeld of
view in the image generated by the aluminium lens is approximatively 190 micrometer,
whereas the ﬁeld of view in the image generated by the beryllium lens is approximatively
500 micrometers. The eﬀective apertures are 168.5 micrometers and 482 micrometers,
respectively. It is remarkable that the images of the mesh are free of distortions within
the detector resolution showing the good quality of the parabolic refractive x-ray lenses
used. Note that the bright and dark edge contrast varying in diﬀerent parts of the image,
especially in the image generated by the aluminium lens, is not an aberration but an
intrinsic eﬀect, also due to the increasing attenuation in the outer parts of the lens. This
eﬀect is also accurately reproduced in the wave optical simulation shown in ﬁgure 4.8(a),
demonstrating the quality of the simulation. For a detailed explanation of this wave optical
eﬀect see [Schroer02b, Schroer02a] .
The ﬁeld of view can be increased by the use of a diﬀuser, as shown in the section 5.3,
and by the use of a condenser lens, as it will be discussed in section 5.4.3.
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5.4.3 Condenser Lens
As seen in the section 5.4.2 the size of the ﬁeld of view is of the order of a few hundreds
micrometers. The use of a diﬀuser will enlarge the ﬁeld of view as shown in the section 5.3 .
To further increase the ﬁeld of view, a condenser lens is useful. A condenser lens consists of a
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Figure 5.16: Sketch of the geometrical optics for the use of a condenser lens (straight lines).
The ﬁeld of view and the intensity of the x-rays illuminating the object/mask are
increased, as compared to a setup without condenser lens (dashed lines).
weak focusing lens with a large eﬀective aperture, as compared to the objective lens, placed
ahead of the object. The geometry is shown in ﬁgure 5.16 . Just like the diﬀuser, it opens
new alternatives for photons from outer parts of the object to reach the image plane through
the eﬀective aperture of the parabolic refractive x-ray lens, thus providing a larger ﬁeld of
view and an intensiﬁed image. An example of the inﬂuence of the use of a diﬀuser and a
condenser lens on the ﬁeld of view is shown in ﬁgure 5.17 : A demagnifying setup has been
used to demagnify a mask (wagon wheel, 22 micrometers thick gold on a 300 micrometers
beryllium substrate) on a detector. The experiment was carried out at ID22 (ESRF) using
a pink beam with 19.68 keV average photon energy, and the FReLoN2000 detector system.
The condenser lens was a beryllium lens (N=16) with a focal length f=7.11 meters, and
an eﬀective aperture of deff=825 micrometers. It was placed 187 millimeters ahead of the
object. The 1 millimeter thick boron carbide diﬀuser was placed 145 millimeters ahead of
the object. The aluminium objective lens (N=108) had a focal length f=679 millimeters,
and an eﬀective aperture of deff=128.6 micrometers. The (de)magniﬁcation factor was
M = LLI
LOL
= 887 mm
3600 mm
≈0.24 . Shown are the images taken without condenser lens and
diﬀuser (ﬁgure 5.17(a)), with the condenser lens but without diﬀuser (ﬁgure 5.17(b)),
with the diﬀuser but without condenser lens (ﬁgure 5.17(c)), and with condenser lens and
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Figure 5.17: Inﬂuence of the diﬀuser and the condenser lens on the ﬁeld of view of a demagni-
fying setup. Shown are the images of a wagon wheel mask (22 μm gold on beryl-
lium) demagniﬁed by a factor M = LLI/LOL = 0.24 recorded with a CCD
detector (FReLoN 2000) at ID22 (ESRF). Figure (a) shows the image obtained
without diﬀuser or condenser lens. Figure (b) is obtained by using the condenser
lens, ﬁgure (c) by using the diﬀuser (1 millimeter boron carbide powder). Fig-
ure (d) shows the image obtained using both, the condenser lens and the diﬀuser.
The mask has been provided by S. Achenbach from the Institut fu¨r Mikrostruk-
turtechnik at the Forschungszentrum Karlsruhe [Zimprich03].
diﬀuser (ﬁgure 5.17(d)). The ﬁeld of view is increased by a factor of approximatively 4
between the ﬁrst (a) and the last (d) setup.
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5.5 X-Ray Lithography
Eﬃcient mass production of nano-electronic devices and the production of micro-electro-
mechanical systems (MEMS) rely on lithographic techniques [Mantl98]. The LIGA (Litho-
graphy, Galvanoformung und Abformung) process [Saile98], for instance, is used to transfer
the structure of an absorptive mask into a thick resist by x-ray projection imaging (proxim-
ity method). Thus, the mask must have the same feature size than the ﬁnal pattern written
into the resist and its absorptive parts have to be thick enough to obscure the x-ray beam.
The production of such masks is a demanding task. The possibility to demagnify a mask by
high resolution x-ray imaging onto a resist would facilitate the process, as the feature size
of the mask would be larger than the feature size of the ﬁnal pattern. Figure 5.18 shows
LOL
objective lens
mask
image
diffuser
condenser lens
x-rays
LLI
Figure 5.18: Scheme of the demagnifying setup used for lithography experiments at ID22
(ESRF).
the scheme for the demagnifying setup used for lithography experiments at ID22 (ESRF).
Due to the large depth of ﬁeld (see section 4.3.5) even thick resists can be imaged sharply.
Unfortunately, the ﬁeld of view of some hundreds micrometers is small, as compared to
the one of modern x-ray lithography steppers used in the proximity method, which can
expose ﬁelds of view of several centimeters in two dimensions. Figure 5.19 shows examples
of demagniﬁed high resolution x-ray imaging of a gold mask (between 15 and 20 microm-
eters gold deposited by electro plating on a 375 micrometers thick silicon wafer polished
from both sides): in ﬁgure (a) one can see a lithographic demagniﬁcation without diﬀuser.
Figure (b) shows the same lithographic demagniﬁcation, but with a diﬀuser at rest. Here
the larger ﬁeld of view and the granular image due to the speckles (small, irregular, but for
a resting diﬀuser static intensity variations due to interference) can be observed. Eventu-
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Figure 5.19: Examples of demagnifying high resolution x-ray imaging of a gold mask, here the
logo of RWTH Aachen University, showing also the inﬂuence of the diﬀusor: (a)
without diﬀuser the ﬁeld of view is rather narrow, and some interference fringes
can be observed at edges. (b) with a resting diﬀuser no interference can be ob-
served, and the ﬁeld of view is enlarged, but speckle arising from the inhomoge-
neous diﬀuser material leads to a granular image. (c) with a rotating diﬀuser the
speckle washes out, as the resulting image is an average over many granular im-
ages. A scanning electron micrograph of the mask is also shown.
ally, ﬁgure (c) shows the result for the same setup with rotating diﬀuser. The demagniﬁed
image is now clearly identiﬁable as the logo of RWTH Aachen University. These experi-
ments were carried out in the EH2 (ID22, ESRF) at 25 keV. Further experimental details:
source to object distance LSO = 59814 mm, object to lens distance LOL = 3620 mm,
cPRXL comprising of 120 single aluminium lenses (R ≈ 200μm), and lens to image dis-
tance LLI = 1284.5 mm. Thus the factor of (de)magniﬁcation was M = (2.8)
−1 . The
diﬀuser material was boron carbide powder (further details see section 5.3.2) with a thick-
ness of 5 millimeters. The diﬀuser was placed 175 millimeters before the object. The image
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has been written into a PMMA resist (All Resist 7700-18), which had to be developed after
the exposure (exposure time 18 minutes without diﬀuser and 25 minutes with diﬀuser). Al-
though the expected lateral spatial resolution of the optical setup was dl=300 nanometers,
the resolution observable in the resist is above 1 micrometer. This is due to the resist not
being directly exposed by x-rays, but mainly by photoelectrons generated by absorption in
the resist and the substrate: highly energetic photoelectrons can diﬀuse through the resist
and substrate at distances of several micrometers, exposing the resist at these distances
from their point of appearance (proximity eﬀect). In her thesis, Chr. Zimprich could
conﬁrm this by Monte Carlo simulations, and suggests methods to reduce the proximity
eﬀect in further experiments [Zimprich03] .
5.6 Microfocus
Several hard x-ray analytical methods require a pencil like beam to scan the sample, if
local properties of inhomogeneous samples are the subject of investigation. The analytical
method can be ﬂuorescence analysis, absorption spectroscopy, reﬂectometry, small angle
scattering, or another method. The spatial resolution of these techniques can be dramat-
ically increased by the use of a microfocus generated by parabolic refractive hard x-ray
lenses. This is done by demagnifying the x-ray source onto the sample. The setup is shown
in ﬁgure 4.7 .
As the depth of focus (see section 4.3.5) can range from 1 millimeter to several cen-
timeters, depending on the experimental setup, the required pencil like shape of the beam
is fulﬁlled for most samples. The lateral size of the focus depends on the source size,
the distance between the source and the lens, and the focal length of the lens. Due to
the Gaussian like lens aperture, the lateral intensity in the focus is it also distributed
like a Gaussian. It is measured by the knife edge method : a thin plate with a sharp,
straight edge (the so called knife edge) is laterally moved through the focus. With an
energy dispersive detector the ﬂuorescence signal from the knife edge material (usually
gold) is recorded versus the position of the knife edge. The setup is comparable to the
ﬂuorescence micro-tomography setup shown in ﬁgure 6.8, but without any rotation. As
the beam has Gaussian proﬁle, the intensity of the ﬂuorescence radiation versus the po-
sition can be ﬁtted with an error-function to reveal the focal spot size (FWHM). This has
to be done for the horizontal and vertical spot size. An example of an evaluation of the
size of a microfocus with the knife edge method is shown in ﬁgure 5.20 . This microfocus
has been generated at ID22 (ESRF) by means of an aluminium objective composed of
N=220 single PRXL, the source to lens distance LSL=41.6 meters, and a lens to image
(focus) distance of LLI=33.5 centimeters at a photon energy of 18.2 keV . Thus the source
(Bv x Bh=60 x 700 micrometers) was (de)magniﬁed by a factor of M=123
−1 into a focal
spot of size bv x bh=0.47 x 3.77 micrometers. The gain was g ≈400 , and the depth of focus
≈3 millimeters.
In the section 6.2 ﬂuorescence micro-tomography is shown as one example. Another
example, the combination of micro-absorption spectroscopy and tomography can be found
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Figure 5.20: Evaluation of the size of a microfocus with the knife edge method.
in the thesis of M. Kuhlmann [Kuhlmann04] .
Chapter 6
Tomography
X-ray tomography is a non-invasive 3-dimensional imaging technique. First x-ray computer
tomographs were build for medical applications in the late 1960s by G. N. Houndsfield,
who received the nobel prize for physiology or medicine together with A. M. Cormack,
who developed theoretical fundamentals for tomographic reconstruction. In the meantime,
x-ray tomography has found widespread applications. A variety of contrast mechanism
are available for this technique, such as absorption contrast, interferometric and in-line
phase contrast [Momose95, Cloetens96] . For medical purpose, absorption tomography is
the most wide spread technique. However, in the material science and in plant physiology
ﬂuorescence tomography has opened very appealing perspectives [Gu¨nzler03, Schroer00].
The Greek word ’tomos’ means ’cut’ or ’section’, and ’graphein’ means ’to write’. The
body to be imaged is considered as a 3-dimensional distribution of an x-ray sensitive
property of the matter. This property may be the mass absorption or the density of diﬀerent
ﬂuorescent atomic species in the sample. Today, a variety of tomographic techniques are
available, using large detectors for fast data acquisition. However, the method is best
explained at the example of a pencil-like beam scanned over the sample. The signal to
be detected can be the transmitted intensity, or the emitted ﬂuorescence radiation, or any
other x-ray sensitive property of the sample. After scanning the sample from one angle of
view, the sample is turned by an integer fraction of 180◦ and scanned again. These steps
are repeated until the sample has made one half rotation at least. Figures 6.1 and 6.2
show the geometry for x-ray absorption and ﬂuorescence tomography, respectively. The 3-
dimensional data set consists of independent slices perpendicular to the rotation axis. It is
the purpose of tomography to reconstruct from this set of data the local distribution of the
x-ray sensitive property. As the slices along the z-axis are independent the reconstruction
is made for each slice individually.
In absorption tomography the transmitted intensity I2 is measured for diﬀerent posi-
tions r and orientations ϕ of the beam relative to the sample. The absorption coeﬃcient
μ(x, y, z) is reconstructed from the measured data, where (x, y, z) is a coordinate system
ﬁxed to the sample.
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Figure 6.1: In absorption tomography the intensity of the pencil-like beam is recorded in front
of and behind the sample at each position r for a ﬁxed ϕ. Then ϕ is varied and the
ﬁrst step is repeated, until ϕ = π.
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Figure 6.2: In ﬂuorescence tomography the characteristic radiation emitted in 4π (here shown
only in the x-y-plane for better clarity) by the atoms along the path of the pencil-
like beam is recorded at each position r for a ﬁxed ϕ. Then ϕ is varied and step
one is repeated, until ϕ = 2π.
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In ﬂuorescence tomography an energy sensitive detector measures the intensity of the
ﬂuorescence radiation of diﬀerent ﬂuorescent species in the sample and this again for diﬀer-
ent positions and orientations of the sample relative to the beam. The purpose of ﬂuores-
cence tomography is to reconstruct the 3-dimensional distribution of the ﬂuorescent species
in the sample. Albeit the ﬂuorescence radiation is emitted in 4π, one wants to record the
emission only in the x-y-plane in order to decouple the signal from diﬀerent slices Δz. A
further point has to be taken into account in ﬂuorescence tomography. The ﬂuorescence
signal has to be corrected for self-absorption, an eﬀect which is particulary strong for low
energy ﬂuorescence radiation. A way how this correction may be implemented is described
in reference [Schroer01]. Furthermore tomographic rotations in ﬂuorescence should cover
the full angular range (0, 2π), rather than (0, π) in order to make absorption correction
more reliable. When ﬂuorescence tomography is measured with synchrotron radiation, the
detector should be placed perpendicular to the beam in the horizontal plane in order to
avoid Compton scattering, as the synchrotron radiation is polarized linearly in this plane.
In order to demonstrate the technique, the next paragraph will show how the technique
operates in absorption mode.
6.1 The Reconstruction of Absorption Tomograms
For describing tomography in parallel projection we need ﬁrst two coordinate systems. We
consider a slice Δz at the height z through the sample. Our ﬁrst coordinate system (x, y) is
ﬁxed with the sample, the second one (s, r) is ﬁxed relative to the detector (see ﬁgure 6.4).
The x-ray beam is scanned along the r-axis. In reality the synchrotron beam and thus
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Figure 6.3: Coordinate systems used for the reconstruction of absorption tomograms.
the detector are ﬁxed in space and the whole sample setup (sample with sample stage) is
moved along the −r direction, or, more commonly, the sample is illuminated by parallel
x-ray radiation and a CCD-camera records all projections along r in one image. We have
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the following relations between the coordinate systems(
x
y
)
=
(
cosϕ sinϕ
− sinϕ cosϕ
)(
s
r
)
, (6.1a)
(
s
r
)
=
(
cosϕ − sinϕ
sinϕ cosϕ
)(
x
y
)
. (6.1b)
In x-ray absorption the detector measures the intensity
I2(r, ϕ) = I1 exp
⎛
⎝− ∫
r,ϕfixed
μ(x, y) ds
⎞
⎠ . (6.2)
I2(r, ϕ) versus ϕ and r is called a sinogram, since it shows typically sinusoidal variations
in intensity. The measuring procedure is as follows: the intensity I1, called the ﬂatﬁeld, is
recorded without sample in the beam. Then the sample is moved in the beam, ϕ is kept
constant, whereas r is scanned through the sample. At each position the intensity I2 is
measured and stored in a large data storage medium. The quantity
ln
(
I1
I2
)
= p(r, ϕ) =
∫ ∞
−∞
μ(x(r, s), y(r, s)) ds (6.3)
is called a projection. Then ϕ is varied and the procedure is repeated. The aim is to
reconstruct μ(x, y) from the measured values p(r, ϕ). Radon showed the feasibility of this
back-transform [Radon17]. It is clear that the projections p(r, ϕ) can only be detected at a
ﬁnite number of positions r and ϕ. The density of the grid (r, ϕ) determines the accuracy
with which μ(x, y) can be determined. We will come back to this point later on. Due to the
high calculation eﬃciency of fast-Fourier-transform (FFT) it is best to do the inversion
from p(r, ϕ) to μ(x, y) in Fourier space.
The Fourier-transform of p(r, ϕ) for ﬁxed ϕ is
p˜(k, ϕ) =
∫ ∞
−∞
exp(−ikr) p(r, ϕ) dr . (6.4)
Here k is the coordinate in Fourier space corresponding to r. Inserting equation 6.3 in
equation 6.4 gives
p˜(k, ϕ) =
∫∫ ∞
−∞
exp(−ikr) μ(x(r, s), y(r, s)) dsdr . (6.5)
Since dsdr=dxdy (Jacobian=1), and due to equation 6.1b we have
p˜(k, ϕ) =
∫∫ ∞
−∞
exp [−i(kx sinϕ + ky cosϕ)]μ(x, y) dxdy
=
∫∫ ∞
−∞
exp [−i(kxx + kyy)]μ(x, y) dxdy
= μ˜(kx, ky) . (6.6)
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Here, k = (kx, ky) = k(sinϕ, cosϕ) is a vector along the direction of r with the above
representation (see ﬁgure 6.3). Equation 6.6 is the Fourier-slice theorem:
The Fourier-transform p˜(k, ϕ) of the measured projection p(r, ϕ)
for ﬁxed ϕ is equal to the Fourier-transform μ˜(kx, ky) of the dis-
tribution μ(x, y) to be determined.
In order to obtain μ(x, y) we form the Fourier-back-transform
μ(x, y) =
1
4π2
∫∫ ∞
−∞
μ˜(kx, ky) exp [i(kxx + kyy)] dkxdky (6.7)
=
1
4π2
∫∫ ∞
−∞
p˜(kx, ky) exp [i(kxx + kyy)] dkxdky (6.8)
Introducing polar coordinates (kx, ky)→ (k, ϕ), with
kx = k sinϕ , (6.9a)
ky = k cosϕ , and (6.9b)
dkxdky = k dkdϕ , we get (6.9c)
μ(x, y) =
1
4π2
∫ 2π
◦
∫ ∞
◦
k p˜(k, ϕ) exp [ik(x sinϕ + y cosϕ)] dkdϕ , (6.10a)
=
1
4π2
(∫ π
◦
∫ ∞
◦
. . . +
∫ 2π
π
∫ ∞
◦
. . .
)
=
1
4π2
(I◦ + Iπ) (6.10b)
The contribution I◦ to equation 6.10b can be written as
I◦ =
∫ π
◦
∫ ∞
◦
|k| p˜(k, ϕ) exp [ik(x sinϕ + y cosϕ)] dkdϕ , (6.11)
as here k = |k|. The contribution Iπ to equation 6.10b is
Iπ =
∫ 2π
π
∫ ∞
◦
k p˜(k, ϕ) exp [ik(x sinϕ + y cosϕ)] dkdϕ . (6.12)
With ϕ = ϕ′ + π ⇒ sinϕ = − sinϕ′, cosϕ = − cosϕ′, and k = −k′ we get
Iπ =
∫ π
◦
∫ ◦
−∞
|k′| p˜(−k′, ϕ′ + π) exp [ik′(x sinϕ′ + y cosϕ′)] dk′dϕ′ , (6.13)
as here −k′ = |k′|. Transforming p˜(−k′, ϕ′ + π) in real space we get the relation
p˜(−k′, ϕ′ + π) =
∫ ∞
−∞
p(r′, ϕ′ + π) exp (ik′r′) dr′ (6.14a)
=
∫ ∞
−∞
p(−r′, ϕ′) exp (ik′r′) dr′ (6.14b)
=
∫ ∞
−∞
p(r, ϕ′) exp (−ik′r) dr (6.14c)
= p˜(k′, ϕ′) (6.14d)
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Here we have used p(−r, ϕ + π) = p(r, ϕ), as one can easily see in ﬁgure 6.4, and we have
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Figure 6.4: Periodicity of the projections of an absorption tomogram: from the ﬁgure it is clear
that I2(r′, ϕ) = I2(−r′, ϕ + π and thus p(−r, ϕ + π) = p(r, ϕ).
replace r′ by −r. Thus, equation 6.13 now reads
Iπ =
∫ π
◦
∫ ◦
−∞
|k′| p˜(k′, ϕ′) exp [ik′(x sinϕ′ + y cosϕ′)] dk′dϕ′ . (6.15)
Replacing k′ by k, and ϕ′ by ϕ we get for the Fourier-back-transform:
μ(x, y) =
1
4π2
∫ π
◦
∫ ∞
−∞
|k| p˜(k, ϕ) exp [ik(x sinϕ + y cosϕ)] dkdϕ . (6.16)
Equation 6.16 is the central expression for the calculation of μ(x, y) from the measured pro-
jections p(r, ϕ) and its Fourier-transform p˜(k, ϕ). It can be written also in the following
way:
μ(x, y) =
1
2π
∫ π
◦
h(x, y;ϕ) dϕ with (6.17)
h(r, ϕ) =
1
2π
∫ ∞
−∞
|k| p˜(k, ϕ) exp [ik(x sinϕ + y cosϕ)] dk , (6.18)
with r = x sinϕ + y cosϕ. h(r, ϕ) is called the ﬁltered sinogram with the ﬁlter-function
|k| which suppresses small values of k (see ﬁgure 6.5). From the mathematical point of view
k is only the Jacobian for the transformation in cylindric coordinates (see equation 6.9).
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Figure 6.5: The ﬁlter-function |k| suppresses small values of k.
In summary, the tomographic technique has the following steps:
1. measurement of the projections
p(r, ϕ) = ln
(
I1
I2(r, ϕ)
)
.
Here, usually a 2-dimensional CCD detector is used to record, for a ﬁxed ϕ, all
projections along r and z in one shot. Thus, one 2-dimensional CCD image consists
of the projections p(r, z) for a ﬁxed ϕ.
2. FFT of p(r, ϕ) ⇒ p˜(k, ϕ) for ﬁxed ϕ.
3. multiplication by the ﬁlter-function |k|.
4. Fourier-back-transformation (ﬁltered sinogram).
h(r, ϕ) =
1
2π
∫ ∞
−∞
|k| p˜(k, ϕ) exp [ikr] dk ,
with r = x sinϕ + y cosϕ.
5. back-projection on coordinates (x, y)
μ(x, y) =
1
2π
∫ π
◦
h(r;ϕ) dϕ .
Note that all these considerations have been made for parallel or nearly parallel x-ray radi-
ation typical for radiation delivered by insertion devices at synchrotrons. For tomographic
reconstructions at an x-ray tube, the fan like divergence of the radiation has to be taken
into account [Kak88].
In ﬁgure 6.6 is shown an example of a tomography (not magniﬁed). Here we have inves-
tigated the morphology of insects together with T. Ho¨rnschemeyer and G. Tro¨ster
from the Institut fu¨r Zoologie und Anthropologie (Go¨ttingen). The ﬁgures show the head
part and parts of the folded legs of an Enicumus anthracinus in a 3-dimensional represen-
tation (center), and 6 slices of it (top and bottom). Note the facette eye of the bug located
left of the antenna basis, although visible in the ﬁrst slice (top, left).
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Figure 6.6: Investigations on the morphology of insects: tomogram of a bug (Enicumus an-
thracinus) made at the ID22 (ESRF) in collaboration with T. Ho¨rnschemeyer
and G. Tro¨ster from the Institut fu¨r Zoologie und Anthropologie (Go¨ttingen).
Here shown is the bugs head (3D) and 6 slices.
6.1. THE RECONSTRUCTION OF ABSORPTION TOMOGRAMS 101
6.1.1 Discrete Number of Projections and Rotations
The reconstruction algorithm outlined above is written in a continuous form. But, in any
real experiment the number of projections, the number of pixels on the detector, and the
number of rotations is ﬁnite and limited. Therefore, to compute a real tomogram one has
to change from the integral representation to a discrete representation by sums. This leads
to a question regarding the experimental procedure: for a given maximum number of pixel
of the detector, what is the optimum number of rotations for a required 3-dimensional
resolution?
We will estimate here the number of rotations needed to maintain the 2-dimensional
resolution in 3 dimensions. Figure 6.7 shows the geometry in the coordinate system ﬁxed
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Figure 6.7: Scheme of the process of back-projection illustrated for one ﬁxed value of r and
some ϕ.
to the sample for one slice (z = const). We consider the process of ﬁltered back-projection:
the single projections p(r, ϕ) are ’smeared’ over the image plane. When done for all ϕ and
r, a slice for one z is reconstructed. To obtain a complete 3-dimensional tomogram, all
slices along z have to reconstructed. A general sketch of the reconstruction of a slice is
shown in ﬁgure 6.7 for one ﬁxed value of r and some ϕ. The plane in which the image is
reconstructed has a 2-dimensional resolution deﬁned by the pixel size of the detector. The
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pixel size d is
d =
Det
#(pixels)
, (6.19)
with #(pixels) being the total number of pixels on the detector along the r-axis (see
ﬁgure 6.3), and Det being the size of the detector along the r-axis. Only pixels inside the
sampling area, given by the circle with diameter Det are relevant. The question is: what is
the minimum rotational step Δϕ if we want to add new information to the reconstruction
by each projection. Due to the rotation of the sample, the projections are distributed very
narrow near the axis of rotation, while they are spread out at the outer rim of the object.
The distance D between neighboring projections at the outer rim is the upper limit of
the 3-dimensional resolution, given that d ≤ D . Therefore, to maintain the 2-dimensional
resolution in 3 dimensions, we stipulate
d
!
= D . (6.20)
Here we have neglected that the distance between two pixels in the reconstruction plane
depend on the angle and thus varies from d to
√
2 d. As we are looking for the smallest
Δϕ, and usually d Det , this assumption is a good choice. The distance D is given by
D ≈ Det
2
Δϕ . (6.21)
For half a rotation of the sample, the angle Δϕ is given by
Δϕ =
π
#(rot.)
, (6.22)
#(rot.) being the number of single rotational steps of the sample. Using equations 6.19,
6.21, and 6.22, we can write equation 6.20 as
#(rot.) =
π
2
· #(pixels) . (6.23)
Thus, the minimum number of single rotational steps needed, for half a rotation of the sam-
ple, to ensure a 3-dimensional resolution of the same size than the 2-dimensional resolution,
is given by about 1.5 times the number of projections recorded for one slice, respectively
the number of pixels in the region of interest on the detector in the direction perpendicular
to the axis of rotation.
6.2 Fluorescence Micro-Tomography
The combination of ﬂuorescence analysis with the tomographic technique opens the pos-
sibility to show the 2-dimensional distribution of elements along a virtual slice inside a
sample without actually cutting it open. As the ﬂuorescence analysis is very sensitive,
it is well suited for trace element analysis. The ﬂuorescence micro-tomography has been
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used to determine with high sensitivity the distributions of a variety of elements in plants,
fungi or cosmic dust particles. In principle is it also possible to record a 3-dimensional
tomogram, but the time needed to record such a tomogram with a reasonable size and
resolution exceeds the experimental time granted to single users at synchrotron radiation
facilities.
CRL
detector
sample
tran
slatio
n
rotation
monochromatic
synchrotron beam
Figure 6.8: Experimental setup to record a ﬂuorescence tomogram by scanning with a micro
beam.
In ﬁgure 6.8 the setup for the ﬂuorescence micro-tomography is shown. The sample is
laterally scanned by the micro-beam, and the ﬂuorescence radiation excited along the beam
path is recorded versus the beam position. Then the sample is rotated by an integer fraction
of 2π and scanned again. Due to the self absorption inside the sample, the tomogram is
recorded over 2π instead over π, as for absorption tomograms. Furthermore the inﬂuence
of self absorption has to be implemented into the reconstruction algorithms. A way to do
this can be found in [Schroer01] .
Figure 6.9 shows an example for a ﬂuorescence micro-tomogram. The ion up-take from
soil by a spruce root has been investigated together with W. H. Schro¨der from the
Institut fu¨r Chemie und Dynamik der Geospha¨re ICG-III: Phytospha¨re, FZ Ju¨lich GmbH.
Here, the focus is on the up-take of rubidium as a tracer for potassium, as rubidium is
commonly present in soil and chemical similar to potassium. The rubidium transport in
the plant is similar to that of potassium, unless a biological membrane has to be crossed.
The sample was a root part of an one year old Norway spruce tree (Picea abies) immersed
into a 10 millimolar rubidium tracer solution before being shock-frozen. The distribution of
several atomic species in the spruce root sample is shown in ﬁgure 6.9, and the ﬂuorescence
spectrum of the entire sample, showing all atomic species having been excited by the
incident beam is shown in ﬁgure 6.10. Further information can be found in the thesis of
T. F. Gu¨nzler [Gu¨nzler03] .
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Figure 6.9: Tomographic reconstruction of the distribution of several atomic species in the
spruce root sample. Potassium and rubidium signiﬁcantly were taken up by the
root, while most of the other chemical elements are mainly located at the root sur-
face.
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Figure 6.10: The ﬂuorescence spectrum of the entire sample, showing all atomic species having
been excited by the incident beam.
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6.3 Magnifying Tomography
The resolution of tomograms is limited by the detector resolution and the stability of the
axis of rotations. As discussed above, the resolution of state of the art detection systems is
of the order of 1 micrometer. Unwanted motion of the sample due to mechanical instabilities
of the axis of rotation are of the same order of magnitude. Thus, the 3-dimensional
resolution of tomograms is limited to about 1 micrometers. To overcome this limit we
have combined x-ray microscopy with tomography. Thus, the high resolution of the x-ray
microscope can be used to increase the 3-dimensional resolution in tomography, without
the need of new detection systems. This becomes possible by the large depth of ﬁeld
(see section 4.3.5) of the refractive x-ray lenses: objects ﬁtting in the ﬁeld of view will be
sharply imaged as parallel projections. To be usable for the tomographic reconstruction,
the generated images have to be free of distortions. The use of parabolic refractive x-
ray lenses in combination with a diﬀuser can guarantee this. The setup for magniﬁed
object plane
CRL image on
detector
LDO
LOL
LLI
X-rays
diffuser
f
Figure 6.11: Experimental setup to record a magniﬁed tomogram by means of compound re-
fractive x-ray lenses.
tomography is almost the same as for x-ray microscopy, but with an additional axis of
rotation for the object, perpendicular to the optical axis. The tomographic technique has
the same steps as the not magniﬁed tomography described above, but the detector records
the magniﬁed images generated by the microscope instead of the simple projections. We
have tested magnifying tomography during several experiments, acquiring a variety of
magniﬁed tomograms. Three examples will be discussed in this thesis.
The ﬁrst example (see ﬁgure 6.12) shows one of the ﬁrst magniﬁed tomograms recorded,
a heart valve (Hancock II Bioprothesis). In addition to the demonstration of feasibility,
there was a medical question: Calciﬁcation is a major problem with biological heart valve
106 CHAPTER 6. TOMOGRAPHY
prothesis, as they lead eventually to the destruction of the prothesis. Figure 6.12 shows
slice of the magnified tomogram ( =12.5)M
part of a
p
cardiovascular aortic
ositioned on a needle
(visible light microscopy)
3 dimensional tomogram (not
of the heart valve c
magnified)
ardiovascular aortic
tissu
e
calci
ficat
ion
Hancock II bioprosthesis
(photo)
Figure 6.12: Investigations on calciﬁcation in heart valves by magnifying tomography: Shown
is the photo of a heart valve (left, top), a visible light microscope image of the
sample, a part of a cardiovascular aortic with calciﬁcation mounted on a needle
(left, bottom), an unmagniﬁed tomogram in 3-dimensional representation (right,
top), and a slice through a magniﬁed tomogram (right, bottom).
a photo of a Hancock II bioprothesis (left, top), the object, a part of a cardiovascular
aortic with calciﬁcation mounted on a needle (left, bottom), an unmagniﬁed tomogram of
6.3. MAGNIFYING TOMOGRAPHY 107
the object (right, top), and a slice through the magniﬁed tomogram. Due to unwanted
motion of the object (the axes of the sample stage were not stable enough), the resolution
of the magniﬁed tomogram is not improved, as compared to the not magniﬁed tomogram.
Nonetheless, it has been found that the calciﬁcation is intrinsic, and the tissue of the
spongiosa (see right, top ﬁgure), in which the precipitation is supposed to be induced by
broken ﬁbres, appears to be displaced by the calciﬁc deposits. Further experimental details:
The tomograms have been recorded at ID22 (ESRF) with the FReLoN 2000 detector system
at E=22.9 keV . The aluminium objective lens was comprised of N=60 single PRXL and
the magniﬁcation factor was M = LLI
LOL
= 20.73m
1.673m
=12.5 . This experiment has been carried
out together with H. Kesper from the Helmholtz-Institut fu¨r Biomedizinische Technik an
der RWTH Aachen.
The second example, shown in ﬁgure 6.13, is the magniﬁed tomogram of a microproces-
sor (AMD K6) as test object. The x-ray magniﬁcation has been achieved by an aluminium
lens (N=120) at the ID22 (ESRF) with a photon energy of 24.9 keV and a magniﬁcation
of M = LLI
LOL
= 23.02m
1.098m
=20.9 . 500 rotations were recorded. Numerical corrections of un-
wanted motion of the rotation axis were necessary (special thanks to J. Meyer for this
tremendous work). Shown in ﬁgure 6.13 is a horizontal slice through the microproces-
sor (left, top), a detail of this slice (left, middle) and the vertical slice through an array
of tungsten plugs (right, middle) corresponding to the marked plug row in the horizon-
tal detail. The size (diameter) of one tungsten plug in the image has been found to be
Img(W plug)
M
=580 nm ± 60 nm . A line proﬁle through the array of tungsten plugs show a pe-
riod of 860 nanometers, corresponding to the average distance between neighboring plugs.
Also shown is a general sketch of a microprocessor structure (right, top), and an electron mi-
crograph used to measure the tungsten plug size (diameter) Obj(W plug)=400 nm ± 25 nm
and the average distance between neighboring plugs. As the image of a single tungsten plug
is formed by convolution of the object size Obj(W plug) with the 3-dimensional resolution
d3D by (
Img
M
)2
= O2bj + d
2
3D , (6.24)
the 3-dimensional resolution of the tomogram has been determined to
d3D=420 nm ± 100 nm . The resolution has also been deduced by a second method:
Using the line proﬁle through the plug array, the modulation transfer can be determined
to 44% ± 5% for a period of 860 nm ± 5 nm . Fitting the Gaussian modulation transfer
function to these values yields a 3-dimensional resolution of d3D=410 nm ± 120 nm ,
thus overcoming the resolution achievable by not magniﬁed tomography by a factor of 2 .
Details and results of this experiment have been published in [Schroer02c] .
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Figure 6.13: Investigations on a microprocessor: shown here is a slice of the magniﬁed tomo-
gram of a piece of an AMD K6 microprocessor (left, top), details of this tomogram
depicting rows of tungsten vias (left, middle) and a slice through one of these rows
showing the stacks of tungsten vias between the diﬀerent conductor layers and
the silicon substrate (right, middle). A line proﬁle through one row of tungsten
plugs shows the image contrast achieved (right, bottom). Also shown is a general
scheme of a microprocessor (right, top), and an electron micrograph of a polished
section of the microprocessor used to determine the size of the tungsten vias (left,
bottom).
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The last example (ﬁgure 6.14) shows the results of a very recent experiment done at
7ID (APS) with 15 keV photons, and with the detector system described in [Patommel03].
The object was also a microprocessor, but this time an AMD Athlon XP2000 based on
500 nm
period
20 µm
Figure 6.14: Magniﬁed tomogram (M=25.23) of a microprocessor (AMD Athlon XP2000).
Shown are 3 slices in diﬀerent planes of the microprocessor, the last one resolv-
ing structures with a periodicity of 500 nanometers (detail), revealing the achieved
3-dimensional resolution of d3D=250 nm.
copper technology. while in the previous example the objective lens was an aluminium
one, here we had the possibility to use a beryllium lens (N=100) allowing for a better
resolution of the x-ray microscope (nominally dl=80 nanometers), shown in ﬁgure 5.14 .
The x-ray magniﬁcation was M = LLI
LOL
= 17631.3mm
698.7mm
=25.23 fold. A boron carbide diﬀuser
of 1 millimeter thickness was placed ahead of the object. Shown in ﬁgure 6.14 are slices
in three diﬀerent planes of the microprocessor, the last one resolving structures with a
periodicity of 500 nanometers. Thus the 3-dimensional resolution in this tomogram is
about d3D=250 nanometers. The results will be published soon.
As demonstrated, magnifying tomography done with beryllium compound parabolic
refractive x-ray lenses can increase the 3-dimensional resolution by a factor of 4 to
d3D=250 nanometers, as compared to not magniﬁed tomograms (d3D ≈1 micrometer),
both using state of the art high resolution detector systems.
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Chapter 7
Summary
The present thesis on ’Imaging with Parabolic Refractive X-Ray Lenses’ describes in detail
the optimization in the fabrication of refractive x-ray lenses. The lenses described here are
used as optics for hard x-rays in numerous experiments at synchrotron radiation facilities.
Like glass lenses for visible light, these lenses can be used for collimating x-ray, for x-ray
imaging (in a magniﬁed or a demagniﬁed version), and for extreme focusing of x-rays. In
particular the combination of a pencil like microfocus or of a full ﬁeld x-ray microscope
with x-ray analytical methods and tomographic techniques has improved 3-dimensional
imaging used for many areas of technology, basic science, and medicine. The results can
be summarized as follows.
Choice of lens material The lens material must have low Z, it must be homogeneous
resulting in a small level of small angle scattering. It must be stable in the x-ray beam.
It must be possible to shape the lens surface as paraboloids of rotation with excellent
form ﬁdelity and little surface roughness. It turned out that aluminium and beryllium are
excellent candidates. A large number of lenses has been manufactured in the meantime.
Boron is also an excellent candidate as lens material, but the problems in lens shaping
have not yet been solved, although an increasing eﬀort would be worth it. The same
argument is true for diamond. Graphite can be shaped in the correct form but all types
of graphite available on the market show extremely strong small angle scattering and have
therefore been excluded. All plastics are not long-term stable in the beam and have also
been excluded as lens material.
Performance of x-ray refractive lenses The problem of stacking up to 300 individual
lenses in a row has been solved. The optical axes of the individual lenses are aligned within a
micrometer. Beryllium and aluminium lenses with parabolic proﬁle have excellent imaging
properties, free of spherical aberration and other distortions. The transmission is as good as
that of Fresnel zone plates when the eﬀective apertures are equal. Refractive x-ray lenses
can be used in the energy range from about 6 keV to about 150 keV. This is an outstanding
performance. The stability of beryllium lenses in the white beam of three undulators has
been demonstrated to prove their suitability as optics for the planed x-ray free-electron
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laser (XFEL). The lens manufactured in Aachen are excellent optical components for x-ray
microscopy, x-ray lithography, and for x-ray magniﬁed tomography.
Examples illustrate the performance of the lenses. Full ﬁeld microscopy by means of
compound refractive parabolic x-ray lenses is shown with lateral spatial resolutions of
300 nanomaters for aluminium lenses, and about 100 nanometers for beryllium lenses. The
feasibility of hard x-ray lithography by means of demagnifying imaging has been proved. A
magniﬁed tomography of a microchip revealed ﬁne details (250 nanometers 3-dimensional
resolution) in the chip without the need to open and prepare the sample.
The results described in this thesis have found a widespread interest in the synchrotron
radiation community and in those scientiﬁc communities which use synchrotron radiation
for their research. 14 contributions to international conference proceedings have been pub-
lished. In addition, 8 papers have been published in peer reviewed international journals.
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The values of the physical constants are conform with the recommendations of the CO-
DATA [Mohr99] from 1999.
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